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PREFACE

The reproduction of sound is so commonplace to-day that it is taken

for granted by the layman. Nevertheless, the developments during the

past two decades in the arts of communications and sound reproduction

have been remarkable. In the early stages of the present epoch of progress

the advances were made by pure scientists. As in the metamorphosis of

any art, the burden has been gradually shifted to the applied scientist and

engineer. These changes have led to a demand for expositions upon the

fundamental principles of the new applied science of acoustics from the

standpoint of the engineer. Accordingly, this book has been written with

the idea of presenting the elements and principles of acoustics to the

engineer.

This text is the subject matter of thirty lectures prepared for presenta-

tion at Columbia University. It is an exposition of the fundamental prin-

ciples used in modern acoustics and a description of the existing acoustical

instruments. Particular efforts have been directed towards the develop-

ment of analogies between electrical, mechanical and acoustical systems,

because engineers have found that the reduction of a vibrating system to

the equivalent electrical circuit is a valuable aid in the analysis of vibrating

systems. These methods will become increasingly important as the front

of engineering acoustics is broadened. As an aid to the establishment of

these analogies an attempt has been made to depict a complete theme in

each illustration.

The book includes the current acoustic practices in radio, phonograph,

sound motion pictures, public address, sound re-enforcing and sound mea-

surements. Practically all modern transducers such as microphones, loud

speakers, headphones and phonograph pickups are treated from the me-

chanical or the acoustical impedance viewpoint.

A knowledge of acoustics principles is not required for an understanding

of the subject matter. The text may be read and understood by anyone

familiar with the principles of elementary physics and simple electric cir-

cuit theory.

The author wishes to express his gratitude to his wife, Lorene E. Olson,

for assistance in the compilation, preparation and correction of the manu-
script.
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ELEMENTS OF ACOUSTICAL ENGINEERING

CHAPTER I

SOUND WAVES

1.1. Introduction. — A knowledge of the elements of acoustics is be-

coming increasingly important to any profession depending in any manner
upon acoustics. Modern civilization is becoming more critical of sound

reproduction. The radio receiver, phonograph, sound motion picture or

sound re-enforcing system of a few years ago is not acceptable to-day.

Auditoriums and studios must exhibit proper acoustic qualities. Reduc-

tion of noise in all types of machinery and appliances is demanded by the

consumers. Acoustics is one of the oldest divisions of physics. A few

years ago it appeared to be a decadent science. To-day acoustics is an

important and necessary branch of Applied Science and its application to

every phase of modern civilization is in its infancy.

The widespread interest in the phonograph, radio broadcasting, sound

motion pictures, sound re-enforcing, architectural acoustics and noise

problems has stimulated research and developments in these fields. During

the early stages progress was made by the trial and error method. Later,

by the extension and application of scientific knowledge, results have been

obtained that could not have been accomplished by other means. A major

portion of the problems in acoustics is concerned with vibrating systems.

Comparisons between these problems and those of electricity considered

from a dynamical viewpoint have led to impedance methods in acoustics.

By a judicious application of dynamical theory and experimental research,

the science of acoustics has developed into a wide field of interesting phe-

nomena and with countless useful applications.

In this book, the author has attempted to outline the essentials of acous-

tics from the standpoint of the engineer or applied scientist. The book
has been written and illustrated so that the derivations may be taken for

granted. The concepts of mechanical and acoustical impedance have
been introduced and applied so that anyone who is familiar with electrical

circuits will be able to analyze the action of vibrating systems.

1



2 SOUND WAVES

1.2. Sound Waves.— Sound is an alteration in pressure, particle dis-

placement or particle velocity propagated in an elastic material or the

superposition of such propagated alterations.

Sound is also the sensation produced through the ear by the alterations

described above.

Sound is produced when air is set into vibration by any means whatso-

ever, but sound is usually produced by some vibrating object which is in

contact with the air. If a string, such as used in a banjo or similar in-

strument, is stretched between two solid supports and plucked, sound is

produced which dies down in a fairly short time. When the string is

plucked it tends to spring back into its rest position, but due to its weight

(mass) and speed (velocity) it goes beyond its normal position of rest.

Then, in returning it again goes beyond its normal position of rest. The
excursions become smaller and smaller and finally the string comes to rest.

As the string moves forward it pushes air before it and compresses it, while

air rushes in to fill the space left behind the moving string. In this way
air is set in motion. Since air is an elastic medium, the disturbed portion

transmits its motion to the surrounding air so that the disturbance is propa-

gated in all directions from the source of disturbance.

If the string is connected in some way to a diaphragm such as a stretched

drumhead of a banjo, the motion is transmitted to the drum. The drum,

having a large area exposed to the air, sets a greater volume of air in

motion and a much louder sound is produced.

If a light piston several inches in diameter, surrounded by a suitable

baffle board several feet across, is set in rapid oscillating motion (vibration)

by some external means sound is produced (Fig. 1.1). The air in front of

the piston is compressed when it is driven forward, and the surrounding air

expands to fill up the space left by the retreating piston when it is drawn

back. Thus we have a series of compressions and rarefactions (expan-

sions) of the air as the piston is driven back and forth. Due to the elas-

ticity of air these areas of compression and rarefaction do not remain sta-

tionary but move outward in all directions. If a pressure gauge were set

up at a fixed point and the variation in pressure noted, it would be found

that the pressure varies in regular intervals and in equal amounts above

and below the average atmospheric pressure. Of course, the actual varia-

tions could not be seen because of the high rate at which they occur. Now,
suppose that the instantaneous pressure, along a line in the direction of

sound propagation, is measured and plotted with the ordinates representing

the pressure; the result would be a wavy line as shown in Fig. 1.1. The
points above the straight line represent positive pressures (compressions,
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condensations); the points below represent negative pressures (expansions,

rarefactions) with respect to the normal atmospheric pressure represented

by the straight line.

From the above examples a few of the properties of sound waves and
vibrations in general may be defined.

BOARD

Fig. 1.1. Production of sound waves by a vibrating piston.

Periodic Quantity.— A periodic quantity is an oscillating quantity the

values of which recur for equal increments of the independent variable.

Cycle.— One complete set of recurrent values of a periodic quantity

comprises a cycle. Or, in other words, any one set of variations starting

at one condition and returning once to the same condition is a cycle.

Period.— The period is the time required for one cycle of a periodic

quantity.

Frequency.— The number of cycles occurring per unit of time, or which

would occur per unit of time if all subsequent cycles were identical with

the cycle under consideration is the frequency. The unit is the cycle per

second.

Fundamental Frequency.—A fundamental frequency is the lowest com-
ponent frequency of a periodic wave or quantity.

Harmonic — A harmonic is a component of a periodic wave or quantity

having a frequency which is an integral multiple of the fundamental fre-

quency. For example, a component, if the frequency of which is twice the

fundamental frequency, is called the second harmonic.

Subharmonic.—A subharmonic is a component of a complex wave having

a frequency which is an integral submultiple of the basic frequency.

Wavelength.— The wavelength of a periodic wave in an isotropic medium
is the perpendicular distance between two wave fronts in which the dis-

placements have a phase difference of one complete cycle.
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Octave.— An octave is the interval between two frequencies having a

ratio of two to one.

Transducer.— A transducer is a device by means of which energy may
flow from one or more transmission systems to one or more other trans-

mission systems. The energy transmitted by these systems may be of

any form (for example, it may be electrical, mechanical or acoustical) and
it may be the same form or different forms in the various input and out-

put systems.

The example of Fig. 1.1 has shown graphically some of the properties

of wave motion. It is the purpose of the next section to derive the fun-

damental wave equation. It is not necessary that the reader digest all

the assumptions and processes involved in order to obtain valuable infor-

mation concerning the properties of a sound wave.

1.3. Acoustic Wave Equation.— The general case of sound propagation

involves three dimensions. The general relation for sound propagation

of small amplitudes in three dimensions will be derived and then these

relations will be applied to special problems.

A. Equation of Continuity.— The fundamental equation of hydrokinetics

is the equation of continuity. This equation is merely a mathematical

statement of an otherwise obvious fact that matter is neither created nor

destroyed in the interior of the medium. That is, the amount of matter

v.'hich enters the boundaries of a small volume equals the increase of matter

inside. Consider the influx and efflux through each pair of faces of the

cube of dimensions hx, Ajy and Az, the difference between the latter and

the former for the whole cube is

d{p'u)
^

djp'v)
^

d(p

dx By dzz J
+ ^^—^ + -^—- Ax Ay Az 1.1

where x, y, z = coordinates of a particle in the medium,

u, V, w = component velocities of a particle in the medium, and
p' = density of the medium.

The rate of growth of mass — Ax Ay Az in the cube must be equal to
dt

the expression 1.1 This may be written as

dp' d(p'u) d(p'v) d(p'w)— -f
^

^
-\- -^^—^ + = 1.2

dt ^ dx dy dz

where / = time.

This is the equation of continuity which signifies the conservation of mat-

ter and the three dimensionality of space.
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B. Equation of Motion. — Referring again to the space Aat Ajy Az the

acceleration ofmomentum parallel to x is p' A.v Ajy Az — . The mean pres-
dt

sures on the faces perpendicular to x are

where p^ — pressure in the medium.

The difference is a force —• Lx Ay Az in the direction of increasing x.
dx

-^ ^

Equating this to the acceleration of momentum, the result is the equation

of motion,

1.3
, du dpo' ^ dv dpo' ^ dw

dt dx ^ dt dy '' dt
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D. Condensation. —A new term will now be introduced. Condensation

is defined as the ratio of the increment of density change to the original

density,

s = 1.6
p

Combining equations 1.5 and 1.6

£l = ('SV = (I + s)y := I + ys 1.7

po \p/

or po' = po + pays 1.8

The excess pressure, or instantaneous sound pressure p, is po' — po.

p = pQ-ys 1.9

The instantaneous sound pressure at a point is the total instantaneous

pressure at that point minus the static pressure. The unit is the dyne per

square centimeter. This is often called excess pressure.

The effective sound pressure at a point is the root-mean-square value of

the instantaneous sound pressure over a complete cycle, at that point.

The unit is the dyne per square centimeter. The term " effective

sound pressure " is frequently shortened to " sound pressure."

The maximum sound pressure for any given cycle is the maximum
absolute value of the instantaneous sound pressure during that cycle.

The unit is the dyne per square centimeter. In the case of a sinusoidal

sound wave this maximum sound pressure is also called the pressure am-

plitude.

The peak sound pressure for any specified time interval is the maxi-

mum absolute value of the instantaneous sound pressure in that interval.

The unit is the dyne per square centimeter.

A dyne per square centimeter is the unit of sound pressure.

E. jyAlembertian Wave Equation. — The three equations 1.2, 1.4 and

1.5 characterize disturbances of any amplitude. The first two are non-

linear save for small amplitudes. In general, acoustic waves are of in-

finitesimal amplitudes, the alternating pressure is small compared with

the atmospheric pressure and the wavelength is so long that «, o, w and s

change very little with x, y and 2. Substituting equation 1.6 in 1.2 and

neglecting high order terms,

ds du dv dw ^ ^ ^^-+ — + — +— = 1.10
dt dx dy dz
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The type of motion to be considered is irrotational, that is Curl F^yy, =

0. That is a necessary and sufficient condition for the existence of a

scalar velocity potential which is defined as

dcj) dcf) d(j)

u = — > V = — > w = — l.il
dx dy dz

or Fuvw = Grad

Substitute equations 1.11 in 1.3 and multiply by dx, dy and dz

-d<i>= --,dp,' 1.12
dt p

or integrating

dt ~ Jo'dt J p

Since the density changes very little, the mean density, p, may be used.

The J^dpo is the excess pressure, then

^=-2 1.13
dt p

where p = excess pressure.

From equations 1.9, 1.10, 1.11 and 1.13

a/2 p \dx^ a/ dz^J

or this may be written

dt^

which is the standard D'Alembertian wave equation for </>. The velocity

of propagation is

^ = c^ 1.15

P

For the velocity of sound in various mediums see Table 1.1.

1.4. Plane Waves. — Assume that a progressive wave proceeds along

the axis of x. Then is a function of x and t only and the wave equa-

tion 1.14 reduces to

^ = .^^ 1.16
dt^ dx^
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Table 1.1. velocity of sound c, in meters per second, density p, in grams per cubic
centimeter and the specific acoustic resistance pc in grams per second per square

centimeter
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A solution of this equation for a simple harmonic wave traveling in the

positive X direction is

^ = A cos k{ct — x) 1.17

where A = amplitude of 0,

k = 27r/X

X = wavelength.

A. Particle Velocity in a Plane Wave. — The particle velocity, «, em-

ploying equations 1.11 and 1.17 is

u = — = kA sin k{ct — x) 1.18
dx

The particle velocity in a sound wave is the instantaneous velocity of a

given infinitesimal part of the medium, with reference to the medium as a

whole, due to the passage of the sound wave.

B. Pressure in a Plane Wave. — From equations 1.9, 1.13 and 1.15 the

following relation may be obtained

^-^^-cH 1.19
a/

The condensation in a plane wave from equations 1.19 and 1.17 is

given by

Ak
s = — sin kc {ct — x) 1 .20

c

From equations 1.9 and 1.15 the following relation may be obtained

p = c'-ps 1.21

Then, from equations 1.20 and 1.21 the pressure in a plane wave is

p = kcpA s\n k{ct — x) 1.22

Note: the particle velocity, equation 1.18, and the pressure, equation

1.22 are in phase in a plane wave.

C. Particle Amplitude in a Plane Wave.—The particle amplitude of a

sound wave is the maximum distance that the vibrating particles of the

medium are displaced from the position of equilibrium.

From equation 1.18 the particle velocity is

i^ u = kA sin k{ct - x) 1.23

where ^ = amphtude of the particle from its equilibrium position, in

centimeters.
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The particle amplitude, in centimeters, is

y1

c

From equations 1.20 and 1.24 the condensation is

.= -^ 1.25
bx

1.5. Spherical Waves, — Many acoustic problems are concerned with

spherical diverging waves. In spherical co-ordinates x = r sin 6 cos 4/,

y = r sin d sin ^ and % = r cos Q where r is the distance from the center,

Q is the angle between r and the oz axis and ^ is the angle between the

projection of r on the xy plane and ox. Then V^0 becomes

d^4> 2 d(j) 1 5 ^ . 50 1 (920

VV = —^ + - — H ^ (sin 0) — +—^
• -~ 1.26

For spherical symmetry about the origin

The general wave equation then becomes,

The wave equation for symmetrical spherical waves can be derived in

another way. Consider the flux across the inner and outer surfaces of

the spherical shell having radii of r — Ar/2 and r + Ar/2, the difference is

-4x- (^pV2-^ Ar 1.29
br \ dtj

The velocity is

dr (90

dt dr

where = velocity potential.

The expression 1.29 employing equation 1.30 becomes

1.30

dr \ dr /
Ar 1.31
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The rate of growth of mass in the shell is

. o
dp'

47rr2--Ar 1.32
dt

The difference in flux must be equal to the rate of growth of mass, expres-

sions 1.31 and 1.32,

K^-S-
dp' d^+^|PV^|=0 1.33

Using equations 1.6, 1.9 and 1.13 equation 1.33 may be written,

(-?)-r^^ -f^-lr^T^) =0 1.34

Equation 1.34 may be written

—
- — c^

a/2 a^-2

= 1.35

which is the same as equation 1.28. The solution of equation 1.35 for

diverging waves is

r

From equations 1.19 and 1.36 the condensation is given by

,= _l^ = _iM,*«-. 1.37
c^ at cr

A. Pressure in a Spherical Wave. — The pressure from equation 1.21 is

p = c'ps 1.38

The pressure then from equations 1.37 and 1.38 is

r

Retaining the real part of equation 1.39 the pressure is

kcA . ^^
p = p sm k{ct — r) 1.40
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B. Particle Velocity in a Spherical Wave. — The particle velocity from

equations 1.11 and 1.36 is

--(;«..) i± ^jk{ct-r)

Retaining the real part of equation 1.41 the particle velocity is

\_kr
cos k{ct — r) — sin k{ct

1.41

1.42

C. Phase Angle between the Pressure and the Particle Velocity in a Spheri-

cal Wave. — The particle velocity given by equation 1.42 may be written

A 1 1

« = — ^1— + k^s'm [k{ct - r) - d] 1.43

where tan d = 1/kr.

Comparing equation 1.43 with equation 1.40 for the pressure it will be

seen that the phase angle between the pressure and velocity in a spherical

wave is given by

= tan-i —
kr

1.44

For very large values of kr, that is, plane waves, the pressure and par-

ticle velocity are in phase. The phase angle frequency characteristics for

various distances from the center of a spherical wave system are shown in

Fig. 1.2.
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D. Ratio of the Absolute Magnitudes of the Particle Velocity and the Pres-

sure in a Spherical Sound Wave. — From equations 1.40 and 1.43 the ratio

of the absolute value of the particle velocity to the absolute value of the

pressure is given by

Ratio = Vl + /^V

pckr
1.45

The ratio in equation 1.45, for various distances from the center in a

spherical wave system, as a function of the frequency is plotted in Fig, 1.3.

9
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The particle velocity in this wave system from equations 1.11 and

1.46 is

u = — = kJ [sin k{a — x) — sin k(a + x)] 1.49
dx

u = — IkA [cos kct sin kx\ 1.50

[sin {iu = ViA I sin \kct — -\ cos \kx — - 1.51

Equations 1.48 and 1.51 show that the maxima of the particle velocity

and pressure are separated by a quarter wavelength. The maxima of p
and u differ by 90° in time phase.

A stationary wave system is produced by the reflection of a plane wave

by an infinite wall normal to the direction of propagation. This is the

simplest type of standing wave system. Complex stationary wave sys-

tems are produced when a sound source operates in a room due to the re-

flections from the walls, ceiling and floor.

1.7. Sound Energy Density. — Sound energy density is the sound energy

per unit volume. The unit is the erg per cubic centimeter.

The sound energy density in a plane wave is

£ = —

o

1.52

where p = sound pressure, in dynes per square centimeter,

p = density, in grams per cubic centimeter, and

c = velocity of sound in centimeters per second.

The positive radiation pressure in dynes per square centimeter exerted

by sound waves upon an infinite wall is

p = (y -\-l)E 1.53

where E = energy density of the incident wave train in ergs per cubic

centimeter, and

7 = ratio of specific heats, 1.4 for air.

Instruments for measuring the radiation pressure have been built, con-

sisting of a light piston mounted in a large wall with means for measuring

the force on the piston. Since the radiation pressure is very small these

instruments must be quite delicate.

1.8. Sound Intensity. — The sound intensity of a sound field in a speci-

fied direction at a point is the sound energy transmitted per unit of time
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in the specified direction through a unit area normal to this direction at

the point. The unit is the erg per second per square centimeter. It may
also be expressed in watts per square centimeter.

The intensity, in ergs per second per square centimeter, of a plane wave is

1 ^ -- ^ pu = pcu^ 1.54
PC

where p = pressure, in dynes per square centimeter,

u = particle velocity, in centimeters per second,

c — velocity of propagation, in centimeters per second, and

p = density of the medium, in grams per cubic centimeter.

The product pc is termed the specific acoustic resistance of the rhedium.

The specific acoustic resistance of various mediums is shown in Table 1.1.

1.9. Decibels (Bels). — In acoustics the ranges of intensities, pressures,

etc., are so large that it is convenient to use a scale of smaller numbers
termed decibels. The abbreviation db is used for the term decibel. The
bel is the fundamental division of a logarithmic scale for expressing the

ratio of two amounts of power, the number of bels denoting such a ratio

being the logarithm to the base ten of this ratio. The decibel is one tenth

of a bel. For example, with Pi and P^ designating two amounts of power
and n the number of decibels denoting their ratio:

p
n = 10 logio —, decibels. 1.55

P%

When the conditions are such that ratios of currents or ratios of voltages

(or the analogous quantities such as pressures, volume currents, forces and
particle velocities) are the square roots of the corresponding power ratios,

the number of decibels by which the corresponding powers differ is ex-

pressed by the following formulas:

i\

n = 20 logio — ' decibels 1.56

n = 20 logio— > decibels 1.57
ez

where /1//2 and £1/^2 are the given current and voltage ratios respectively.

For relation between decibels and power and current or voltage ratios

see Table 1.2.
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Table 1.2. the relation between decibels and power and current or voltage ratios

POWER ratio
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velocity in the direction in which the sound is traveling. Making this

substitution in 1.58 the result is

/o = °4^^^^V. 1.59
V -\- W — Vs

Equation 1.59 shows that the wind does not produce any change in pitch

unless there is some relative motion of the sound source and the observer.

1.11. Refraction and Diffraction. — The change in direction of propa-

gation of sound, produced by a change in the nature of the medium which

affects the velocity, is termed refraction. Sound is refracted when the

COOL AIR - LOW VELOCITY , WARM AIR - HIGH VELOCITY

WAVE FRONTS,

WAVE FRONTS"

HIGH VELOCITY COOL AIR - LOW VELOCITY

SURFACE OF THE EARTH SURFACE OF THE EARTH

Fig. 1.4. The refraction of a sound wave in air.

density varies over the wave front. (See equation 1.15.) A sound wave
may be bent either downward or upward depending upon the relative

temperatures (densities) of the air,^ Fig. 1.4. The distance over which

sound may be heard is greater when the wave is bent downward than

when it is bent upward. The first condition usually obtains during the

early morning hours while the latter condition prevails during the day.

Diffraction is the change in direction of propagation of sound due to

the passage of sound around an obstacle. It is well known that sound

will travel around an obstacle. The larger the ratio of the wavelength

to the dimensions of the obstacle the greater the diffraction. The dif-

fraction around the head is important in both speaking and listening.

The diffraction of sound by microphones and loud speakers is important

in the performance of these instruments. The diffraction ^ of sound by a

sphere, a cube and a cylinder as a^ function of the dimensions is shown in

Fig. 1.5. These data may be used to predict the diffraction of sound by
objects of these general shapes. As, for example, the sphere may be used

to predict the diffraction of sound by the human head.

^ For other phenomena of atmospheric acoustics such as the effects of wind and
temperature upon the propagation of sound waves and the applications to sound
ranging and signaling in air, see Stewart and Lindsay, "Acoustics," D. Van Nostrand
Co., New York City.

2 MuUer, Black and Dunn, Jour. Acous. Soc. Amer., Vol. 10, No. 1, p. 6, 1938,
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CHAPTER II

ACOUSTICAL RADIATING SYSTEMS

2.1. Introduction.—There are almost an infinite number of different types

of sound sources. The most common of these are the human voice, musi-

cal instruments, machinery noises and loud speakers. The most impor-

tant factors which characterize a sound source are the directional pattern,

the radiation efficiency and the output as a function of the frequency.

In the case of some sound sources as, for example, musical instruments,

it is almost impossible to analyze the action. However, in the case of

most sound reproducers the action may be predicted with amazing

accuracy. It is the purpose of this chapter to consider some of the simple

sound sources that are applicable to the problems of sound reproduction,

2.2. Simple Point Source. — A point source is a small source which

alternately injects fluid into a medium and withdraws it.

A, Point Source Radiating into an Infinite Medium. Solid Angle of

47r Steradians .
— Consider a point source having a maximum rate of fluid

emission of ^-kA cubic centimeters per second. The momentary rate at

a time / is ^-kA cos co/. The maximum rate of fluid emission may be

written

-^-kA = ^lo 2.1

where S = area of the surface of the source, in square centimeters, and

^0 = maximum velocity, in centimeters per second over the sur-

face S.

The velocity potential of a point source from equation 1.36 is

0^ = - ^inct-r) 2.2
r

The particle velocity at a distance r from equation 1.42 is

u = — cos k{ct — r) — sin k{ct — r) 2.3
r \_kr J

The pressure at a distance r from equation 1.40 is

pkcA ... ,

p = sm k [ct — r) 2.4
r

19
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The intensity or average power, in ergs per second, transmitted through

a unit area at a distance r, in centimeters, is the product of^ and u and is

given by

The total average power in ergs per second emitted by the source is

Pt = lirpck^A^ 2.6

where p = density of the medium, in grams per cubic centimeter,

c = velocity of sound, in centimeters per second,

k = 27r/X,

X = wavelength, in centimeters, and

A is defined by equation 2.1.

B. Point Source Radiating into a Semi-Infinite Medium. Solid Angle

of 2t Steradians. — The above example considered a point source operating

in an infinite medium. The next problem of interest is that of a point

source operating in a semi-infinite medium, for example, a point source

near an infinite wall.

In this case we can employ the principle of images as shown in Fig. 2.1.

The pressure, assuming the same distance from the source, is two times

that of the infinite medium. The particle velocity is also two times that

of the infinite medium. The average power transmitted through a unit

area is four times that of the infinite medium. The average power out-

put of the source, however, is two times that of a simple source operating

in an infinite medium.

C. Point Source Radiating into a Solid Angle of t Steradians. — Em-
ploying the method of images Fig. 2.1 the pressure is four times, the par-

ticle velocity is four times and the average power transmitted through a

unit area is sixteen times that of an infinite medium for the same distance.

The average power output of the source is four times that of a simple

source operating in an infinite medium.

D. Point Source Radiating into a Solid Angle of -wjl Steradians .
— Em-

ploying the method of images. Fig. 2.1, the pressure is eight times, the

particle velocity eight times and the average power transmitted through a

unit area is sixty-four times that of the same source operating in an infinite

medium at the same distance. The average power output is eight times

that of the same simple source operating in an infinite medium.

E. Application of the Simple Source. — The above data may be applied

to acoustic radiators in which the dimensions are small compared to the
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wavelength and located close to the boundaries indicated above. For

example, A would correspond to a loud speaker, which acts as a simple

source, suspended in space at a large distance from any walls or boundaries.

B would correspond to a loud speaker placed on the floor in the center of

the room. C would correspond to a loud speaker placed on the floor along

SOLfD- ANGLE PRESSURE
OF SOUND AT A
EMISSION DISTANCE V

PO'flZR ENERGY
OUTPUT DENSITY

DISTANCE

r

zrt 2? 41
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rated by a vanishingly small distance 8r. The strength of the doublet is

4TrJ'8r. Let J'8r = A. In these considerations A' corresponds to A of

equation 2.1, that is ^-kA' = S^o-

At a distance r in a direction inclined at an angle a to the axis of the

doublet the velocity potential is

<t>
= (l+j,y ^jk(ct-r) cos a

The pressure from equation 2.7 is

d(j) .pckA (\ . \
^^, , .

p = — p — = —J I
- +jk] t^^'^"^-'"' cos a

dt r \r /

Retaining the real parts of equation 2.8

pckA r 1 . , , . , , , s "I

p = - sm k\ct — r) -\- k cos k\ct — r) cos a

At a very large distance

At a very small distance

k^A
p oc cos a

kA
p « —- cos a

1.1

2.8

2.9

2.10

2.11

d4>

The particle velocity has two components, the radial — and the trans-

1 -J
J

verse . The radial component of the particle velocity from equation
r da

2.7 is.

u = d(f)

dr
- ^~ -k(M)] A^mct-r)^Q^^ 2.12

Retaining the real parts of equation 2.12

u = - A
\r^ r)

Ik
cos k{ct — r) sin k{ct -r)]

At a very large distance

Ak^
u oc COS a

r

cos a 2.13

2.14
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At a very small distance

A
u <x — cos a 2.15

The transverse component of the particle velocity is

'1

-\-jk

^J^Mct~r) sin a

Retaining the real parts of equation 2.16

"=-^[7= cos k{ct — r) sin k {ct — r) sin a

2.16

2.17

At a very large distance

Ak .

u <x — sm a

At a very small distance

A .

« a: — sm a

2.18

2.19

Figure 2.2 shows the velocity com-

ponents and the pressure for various

points around a doublet source. A com-

mon example of a doublet source is a

direct radiator loud speaker mounted in

a small baffle. (Dimensions of the baffle

small compared to the wavelength.) If

the response of such a loud speaker is

measured with a pressure microphone

for various angles at a constant distance

the result will be a cosine characteristic.

If the response is measured with a vel-

ocity microphone keeping the axis pointed

towards the loud speaker the result will

be a cosine directional characteristic. If

the same is repeated keeping the axis of

the velocity microphone normal to the

line joining the microphone and the loud

directional characteristic.

Fig. 2.2. The pressure and particle

velocity at a constant distance from

a doublet source. The magnitude
of the pressure is indicated by the

diameter of the circle. The particle

velocity has two components: a

radial and transverse component.

The direction and magnitude of

these two components are indicated

by vectors.

speaker the result will be a sine
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The total power, in ergs, emitted by a doublet source is

P = ff^ dS 2.20
J J pc

where p = pressure, in dynes per square centimeter,

p = density, in grams per cubic centimeter,

c = velocity of sound, in centimeters per second, and

dS — area, in square centimeters, over which the pressure is ^.

Taking the value of p from equation 2.9 (for r very large) the total

average power in ergs per second emitted by a doublet source is

Pt = Lirr- I cos-^ a sm a da 2.21
Jo 2r2

Pt = lirpck^A^ 2.22

where p = density, in grams per cubic centimeter,

k = 27r/X,

X = wavelength, in centimeters,

c = velocity of sound, in centimeters per second, and

A is defined in the first paragraph of this section.

The power output from a simple source (equation 2.6) is proportional

to the square of the frequency, while the power output from a doublet

source (equation 2.22) is proportional to the fourth power of the frequency.

For this reason the power output of a direct radiator loud speaker falls off

rapidly with frequency when the dimensions of the baffle are small com-

pared to the wavelength. See Sec. 7.7.

2.4. Straight Line Source. — A straight line source may be made

up of a large number of points of equal intensity on a line separated by

equal and very small distances. The directional characteristic^'^-'^' of such

a line is

'rnrd
sm I siin a )

1 — sm « I

\X /

Ra = -7—, T 2.23

n sin

where Ra = ratio of the pressure for an angle a to the pressure for an

angle a = 0. The direction a = is normal to the line,

5 Wolff, I., and Maker, L., Acous. Soc. Amer., Vol. 2, No. 2, p. 201, 1930.
6 Stenzel, H., Elek. Nach. Tech., Vol. 4, No. 6, p. 239, 1927.

7 Stenzel, H., Elek. Nach. Tech., Vol. 6, No. 5, p. 165, 1929.
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n — number of sources,

d = distances between the sources, in centimeters, and

X = wavelength, in centimeters.

If the number of sources n approach infinity and d, the distance between

the sources, approach zero in such a way that

nd = I

the hmiting case is the hne source. If this is carried out equation 2.23

becomes

Ra —

. it/ .

sm — sm a
X

T.

2.24

sm a

The directional characteristics of a continuous line source are shown in

Fig. 2.3. The directional characteristics are symmetrical about the line

as an axis. Referring to Fig. 2.3, it will be seen that there is practically

LENGTH .# LENGTH -3X

Fig. 2.3. • Directional characteristics of a line source as a function of the length and the wave-
length. The polar graph depicts the pressure, at a large fixed distance, as a function of the

angle. The pressure for the angle 0° is arbitrarily chosen as unity. The direction corre-

sponding to the angle 0° is perpendicular to the line. The directional characteristics in

three dimensions are surfaces of revolution about the line as an axis.

no directivity when the length of the line is small compared to the wave-
length. On the other hand, the directional characteristics are sharp when
the length of the line is several wavelengths.

2.5. Curved Line Source (Arc of a Circle).— A curved line source may be

made up of a large number of points on the arc of a circle separated by
very small distances. The directional characteristics of such a line in the
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plane of the arc is,

Rn, =
1

2m + 1

k=m

^ COS
k=—m [^ COS {a + kd)

2.25
.

*="^
. r27ri? ^ ,

-\- J Z^ sin cos (a + ^0)
k=—m L ^ J I

where jRq, = ratio of the pressure for an angle a to the pressure for

an angle a = 0,

a. = angle between the radius drawn through the central

point and the line joining the source and the distant

observation point,

X = wavelength, in centimeters,

R = radius of the arc, in centimeters,

2w + 1 = number of points,

Q = angle subtended by any two points at the center of the

arc, and

k = variable.

Another method ^ is to break up the arc into a large number of equal

chords. The intensity is assumed to be uniform over each chord. Also the

phase of all of the chords is the same. In this case the result takes the form,

Ra =
1

2;;2 + 1

IttR
sm

Z^ cos
j

—
k=—m I A

cos (a + kd)
X

sin {a + kd)

vd
sin {a + kd)

+ J 2- sm \—^— cos {a + kd)

sm sin (a + kd)

k =—m — sm (a + kd)

2.26

^here Ra = ratio of the pressure for an angle a. to the pressure for

an angle a = 0,

X = wavelength, in centimeters,

k = variable,

R = radius of the arc, in centimeters,

2m + 1 = number of chords,

d = angle subtended by any of the chords at the center of

circumscribing circle, and

d = length of one of the chords, in centimeters.

8 Wolff, I. and Maker, L., Jour. Acous. Soc. Amer., Vol. 2, No. 2, p. 201, 1930.
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The directional characteristics for an arc of 60°, 90° and 120° are shown

in Figs. 2.4, 2.5 and 2.6. The interesting feature of the directional char-
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several wavelengths in length in order to yield a " wedge-shaped " di-

rectional characteristic.

RADIUS=A

Fig. 2.6. Directional characteristics of a 120° arc as a function of the radius and the wave-

length. The polar graph depicts the pressure, at a large fixed distance, as a function of the

angle in the plane of the arc. The pressure for the angle 0° is arbitrarily chosen as unity.

2.6. Circular Ring Source. — The directional characteristics ^'^^ of a

circular ring source of uniform intensity at all points on the ring is

^a — /o 2.27

where Ra = ratio of the pressure for an angle a to the pressure for an

angle a — 0,

Jo = Bessel Function of zero order,

R = radius of the circle, in centimeters, and

a = angle between the axis of the circle and the line joining the

point of observation and the center of the circle.

The directional characteristics of a circular ring source as a function of

the diameter and the wavelength are shown in Fig. 2.7. The shapes are

quite similar to those of a straight line. The characteristic is somewhat

sharper than that of a uniform line of length equal to the diameter of the

circle, but has almost the same form.

9 Stenzel, H., Elek. Nach. Tech., Vol. 4, No. 6, p. 1, 1927.
'» Wolff, I. and Maker, L., Jour. Acous. Soc. Amer., Vol. 2, No. 2, p. 201, 1930.
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source or a vibrating piston may be used to predict approximately the

directional characteristics of a direct radiator loud speaker.

2.8. Exponential Horns. — The directional characteristics of a horn de-

pend upon the shape, mouth opening and the frequency. It is the purpose of

this section to examine and consider some of the factors which influence

the directional characteristics of a horn.

The phase and particle velocity of the various incremental areas which

may be considered to constitute the mouth determines the directional

characteristics of the horn. The particular complexion of the velocities

and phase of these areas is governed bv the flare and dimensions and shape

of the mouth. In these considerations the mouth will be of circular cross

section and mounted in a large flat baflle. The mouth of the horn plays

a major role in determining the directional characteristics in the range

where the wavelength is greater than the mouth diameter. The flare is

the major factor in determining the directional characteristics in the range

where the wavelength is less than the mouth diameter.

Figure 2.9 shows the effect of the diameter of the moutn for a constant

flare upon the directional characteristics ^^'^- of an exponential horn. At
the side of each polar diagram is the diameter of a vibrating piston which

will yield approximately the same directional characteristic. It will be

seen that up to the frequency at which the wavelength becomes compa-

rable to the mouth diameter, the directional characteristics are practically

the same as those of a piston of the size of the mouth. Above this fre-

quency the directional characteristics are practically independent of the

mouth size and appear to be governed primarily by the flare.

To further illustrate the relative effects of the mouth and flare, Fig. 2.10

shows the effect of different rates of flare, for a constant mouth diameter,

upon the directional characteristics ot an exponential horn. These results

also show that for the wavelengths larger than the mouth diameter, the

directional characteristics are approximately the same as those of a vibrat-

ing piston of the same size as the mouth. Above this frequency the

directional characteristics are broader than that obtained from a piston

the size of the mouth. From another point of view, the diameter of the

13 Olson, H. F., RCA Rede^, Vol. 1, No. 4, p. 68, 1937.
^* Goldman, S., Jour. Aeons. Soc. A-rner., Vol. 5, p. 181, 1934, reports the results

of an investigation upon the directional characteristics of exponential horns at

15,000 and 25,000 cycles. A comparison can be made with the results shown in

Figs. 2.9 and 2.10 by increasing the dimensions of the horns used by him to con-
form with those shown here and decreasing the frequency by the factor of increase

in dimensions. Such a comparison shows remarkable agreement between the two
sets of data.
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piston which will yield the same directional characteristic is smaller than

the mouth. These results also show that the directional characteristics

vary very slowly with frequency at these smaller wavelengths. Referring

to Fig. 2.10, it will be seen that for any particular high frequency, 4000,

7000 or 10,000 cycles per second, the directional characteristics become

progressively sharper as the rate of flare decreases.

The results of Figs. 2.9 and 2.10 are appHcable to other geometrically

similar horns by changing the wavelength (or the reciprocal of the fre-

quency) in the same ratio as the linear dimensions.

2000 '\< 4000ro 7000 'V 10000 ro

Fig. 2.10. The directional characteristics of a group of exponential horns, with a mouth

diameter of 12 inches and a throat diameter of f inches, as a function of the flare. The
number at the right of each polar diagram indicates the diameter of a circular piston which

will yield the same directional characteristic The polar graph depicts the pressure, at a

fixed distance, as a function of the angle. The pressure for the angle 0° is arbitrarily chosen

as unity. The direction corresponding to 0° is the axis of the horn. The directional

characteristics in three dimensions are surfaces of revolution about the horn axis.

2.9. Curved Surface Source. — A sphere vibrating radially radiates

sound uniformly outward in all directions. A portion of a spherical surface,

large compared to the wavelength and vibrating radially, emits uniform

sound radiation over a solid angle subtended by the surface at the center

of curvature. To obtain uniform sound distribution over a certain solid

angle, the radial air motion must have the same phase and amplitude over

the spherical surface intercepted by the angle having its center of curvature

at the vertex and the dimensions of the surface must be large compared
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to the wavelength. When these conditions are satisfied for all frequencies,

the response characteristic will be independent of the position within the

solid angle.

A loud speaker ^^'^^-^^ consisting of a large number of small horns with

the axis passing through a common point will satisfy, for all practical

purposes, the requirement of uniform phase and amplitude over the spheri-

cal surface formed by the mouths of the horns. A cellular or multihorn

of this type is shown in Fig. l.WA. This particular horn system consists

of fifteen horns arranged in five vertical rows and three horizontal rows.

The mouth opening of each horn is 8 X 8 inches. The horizontal and ver-

tical angle between the axis of the individual horn is 17°.

The directional characteristics of a multihorn loud speaker may be

predicted theoretically " from the directional characteristics of an in-

^
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where d = the distance between the center of the mouth of the horn and

the reference plane X'O'Z', in centimeters, and

X = wavelength, in centimeters.

The vectors, having amplitudes Ji, Ai, Az, A^, etc., determined from the

directional characteristics and having phase angles ^i, d^, 6s, Oa, etc.,

determined from equation 2.29, are added vectorially as shown in Fig. 2.115.

This method of predicting the directional characteristics assumes that

there is no interaction between individual horns which changes the com-

plexion of the velocities at the mouth from that which obtains when

operating an individual horn. Obviously, this condition is not absolutely

satisfied. Apparently, the discrepancy has no practical significance be-

250^ 500<v lOOO'V

Fig. 2.12, Directional characteristics of the 15-cell cellular horn shown in Fig. 2.11yf in

a plane containing the line B-B' and the axis of the center horn. The polar graph depicts the

pressure, at a fixed distance, as a function of the angle. The pressure for the angle 0° is

arbitrarily chosen.

cause it has been found that this method of analysis agrees quite well with

experimental results.

The directional characteristics of the cellular horn of Fig. l.WA are

shown in Figs. 2.12 and 2.13. Above 2000 cycles the dimensions of the

total mouth surface are several wavelengths and the directional character-

istics are fairly uniform and defined by the total angular spread. Where
the dimensions are comparable to the wavelength the directional char-

acteristics become very sharp, as shown by the polar curves for 500 and

1000 cycles. Then, as the dimensions of the surface become smaller than

the wavelength, 250 cycles, the angular spread broadens, as is illustrated

by the larger spread for the smaller vertical dimension when compared to

the smaller spread for the larger horizontal dimension.

The directional characteristics of a cellular horn show a striking resem-
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blance to those of an arc of the same angular spread. For example, the

angular spread of the horn of Fig. 2.11 in the plane containing the line

AA' and the axis is 87|°. This may be compared to the arc of Fig. 2.5.

In this case X '4, X 2, X, 2X, 4X and 8X will correspond to 145, 290, 580,

1160, 2320 and 4640 cycles. The angular spread in the plane containing

the line BB' and the axis is 52|°. This may be compared to the 60° arc

aso'v lOOO/v

Fig. 2.13. Directional characteristics of the 15-cell cellular horn shown in Fig. l.WA in a

plane containing the line A-A' and the axis of the center horn. The polar graph depicts the

pressure, at a fixed distance, as a function of the angle. The pressure for the angle 0° is

arbitrarily chosen.

of Fig. 2.4 with the same relation between the wavelengths and frequencies

as noted above. It will be seen that there is a marked resemblance be-

tween corresponding frequencies. Of course, there is some variation due

to the fact that the frequencies do not correspond exactly. Further,

there is some difference in the angular spread. For most spherical sur-

faces of this t)^e the directional characteristics in various planes corre-

spond very closely to the directional characteristics of the corresponding arc.

Directional systems are used for sound ranging both in air and in water. For
the general subject of sound ranging and signaling, see Stewart and Lindsay,
" Acoustics," D. Van Nostrand Company, New York City, and Olson and Massa,
" Applied Acoustics," Blakiston Company, Philadelphia.

Equations, 2.23 and 2.25 are applicable to plane and curved acoustic diffraction

gratings. As in the case of optics the angle of the maxima shifts with the frequency.

Gratings have been used in systems for the analysis of sound. The audio fre-

quency is used to modulate a high frequency oscillator (50,000 cycles). The output
of the oscillator drives a high frequency loud speaker which illuminates the grating

with the high frequency sound. The sound diffracted from the grating is spread

out in a spectrum corresponding to the original audio frequency sound. The sound
in this spectrum is picked up by a small microphone, amplified, detected and fed

to a suitable indicator. See Mever, E., Jour. Acous. Soc. Anier., Vol. 7, No. 5,

p. 88, 1935.



CHAPTER III

MECHANICAL VIBRATING SYSTEMS

3.1. Introduction. — The preceding chapters have been confined to the

considerations of simple systems, point sources, homogeneous mediums
and simple harmonic motion. Sources of sound such as strings, bars,

membranes and plates are particularly liable to vibrate in more than one

mode. In addition, there may be higher frequencies which may or may
not be harmonics. The vibrations in solid bodies are usually termed as

longitudinal, transverse or torsional. In most cases it is possible to con-

fine the motion to one of these types of vibrations. For example, the

vibrations of a stretched string are usually considered as transverse. It

is also possible to excite longitudinal vibrations which will be higher in fre-

quency. If the string is of a fairly large diameter torsional vibrations

may be excited. The vibrations of a body are also affected by the me-

dium in which it is emersed. Usually, in the consideration of a particular

example it is necessary to make certain assumptions which will simplify

the problem. The mathematical analysis of vibrating bodies is extremely

complex and it is beyond the scope of this book to give a detailed analysis

of the various systems. The reader is referred to the treatises which have

been written on this subject for complete theoretical considerations. It is

the purpose of this chapter to describe the most common vibrators in use

to-day, to illustrate the form of the vibrations and to indicate the resonant

frequencies.

3.2. Strings. — In all string instruments the transverse and not the

longitudinal vibrations are used. In the transverse vibrations all parts

of the string vibrate in a plane perpendicular to the line of the string.

For the case to be described it is assumed: that the mass per unit length

is a constant, that it is perfectly flexible (the stifi^ness being negligible)

and that it is connected to massive nonyielding supports, Fig. 3.1. Since

the string is fixed at the end, nodes will occur at these points. The fun-

damental frequency of the string is given by

2/ \m
36
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where T = tension, in dynes,

m = mass per unit length, in grams,

/ = length of the string, in centimeters.

The shape of the vibration of a string is sinusoidal. In addition to the

fundamental, other modes of vibration may occur, the frequencies being

2, 3, 4, 5, etc., times the fundamental. The first few modes of vibration

of a string are shown in Fig. 3.1. The points which are at rest are termed

N
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supports, the effect of damping and the effect of different types of excita-

tion. These factors of course alter the form of vibration and the overtones.

3.3. Transverse Vibration of Bars^'^'^'^. — In the preceding section

the perfectly flexible string was considered where the restoring force due

to stiffness is negligible compared to that due to tension. The bar under

no tension is the other limiting case, the restoring force being entirely due

to stiffness. For the cases to be considered it is assumed that the bars

are straight, the cross section is uniform and symmetrical about a central

plane, and as in the case of the string, only the transverse vibrations will

be considered.

FUNDAMENTAL FUNDAMENTAL FUNDAMENTAL

FIRST OVERTONE FIRST OVERTONE FIRST OVERTONE

SECOND OVERTONE SECOND OVERTONE SECOND OVERTONE

THIRD OVERTONE THIRD OVERTONE THIRD OVERTONE

Fig. 3.2. Modes of transverse vibrations of a bar clamped at one end and free at the other,

of a free bar and a bar supported at both ends.

A. Bar Clamped at One End. — Consider a bar clamped in a rigid sup-

port at one end with the other end free (Fig. 3.2). The fundamental

frequency is given by

/i
/2

.5596 Wk
3.2

where

/ = length of the bar, in centimeters,

p = density, in grams per cubic centimeter,

^ = Young's modulus, in dynes per square centimeter, seeTable 3.1,and

K = radius of gyration.

For a rectangular cross section the radius of gyration is,

K =
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where a = thickness of the bar, in centimeters, in the direction of vibration.

For a circular cross section

where a — radius of the bar in centimeters.

The modes of vibration of a bar clamped at one end are shown in Fig. 3.2.

The table below gives the position of the nodes and the frequencies of the

overtones.

No. of Tone
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No. of Tone
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circular membranes. For cases of practical interest the membrane is

rigidly clamped and stretched by a massive circular ring. The funda-

mental frequency. Fig. 3.3^, of a circular membrane is given by

J82 /

where m = mass, in grams per square centimeter of area,

R = radius of the membrane, in centimeters, and

T = tension, in dynes per centimeter.

fi2 = 2.92foi f22-3.5ofoi fi3 = 4.22for

3.5

Fig. 3.3. Modes of vibration of a stretched circular membrane. Shaded segments are dis-

placed in opposite phase to unshaded.

The fundamental vibration is with the circumference as a node and a

maximum displacement at the center of the circle (Fig. 3.3y^). The fre-

quencies of the next two overtones with nodal circles are

/o2 = 2.30/01

/o3 = 3.60/o:
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and are shown in Figs. 3.3B and 3.3C. The frequencies of the first,

second and third overtones with nodal diameters are

/n = 1.59/01

/21 = 2.14/01

/31 = 2.65/01

These nodes are shown in Figs. 3.3D, 3.3E, and 3.3F. Following these

simpler forms of vibration are combinations of nodal circles and nodal

diameters. The frequency of one nodal circle and one nodal diameter,

Fig 3.3G, is

/12 = 2 92/01

The frequency of one nodal circle and two nodal diameters, Fig. 3.3//, is,

/22 = 3.50/

The frequency of two nodal circles and one nodal diameter, Fig. 3.3/, is

/X3 = 4.22/01

The stretched circular membrane is used in the condenser microphone.

See Sec. 9.25. The fundamental resonance frequency is placed at the

upper limit of the frequency range. A resistive load is coupled to the

diaphragm for damping the response in the neighborhood of the funda-

mental resonance frequency. This resistance is incorporated in the back

plate which serves as the stationary electrode.

A stretched circular membrane is also used in all types of drums. In

this case the air enclosure as well as the characteristics of the membrane
controls the modes of vibration.

3.5. Circular Clamped Plate ^^' ^^' ^^' i^- ^^ — Consider a plate under no

tension, uniform in cross section and rigidly clamped by a massive

circular ring. The fundamental frequency, Fig. 3.4yf, of a circular plate

is given by

_.467/ / ^

" Rayleigh, " Theory of Sound," Macmillan and Co., London.
12 Morse, " Vibration of Sound," McGraw Hill Book Co., New York,
^^ Wood, " A Text Book of Sound," Bell and Sons, London.
^^ Crandall, " Theory of Vibrating Systems and Sound," D. Van Nostrand

Co., New York.
^^ Lamb, " Dynamical Theory of Sound," E. Arnold, London.
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where / = thickness of the plate, in centimeters,

R = radius of the plate up to the clamping boundary, in centimeters,

p = density, in grams per cubic centimeters,

<x = Poisson's ratio, and

^= Young's modulusjin dynes per square centimeter. See Table 3.

L

fri= s.ogfoi [21=3.43(01 f3i=4..95foi

fi2=5.98foi f2a=a74fo fi3=ll,9foi

Fig. 3.4. Modes of vibration of a clamped circular plate. Shaded segments are displaced
in opposite phase to unshaded.

The fundamental frequency is with the circumference as a node and a

maximum displacement at the center.

The frequency of the next two overtones with nodal circles. Fig. 3.45
and 3.4C, are,

/02 = 3.91/ox

/o3 = 8.75/oi

The frequencies of the first, second and third overtones with nodal diame-
ters are

/n = 2.09/01

fn = 3.43/01

/31 = 4.95/01

These nodes are shown in Figs. 3.4D, 3AE and 3.4i^.
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Following these simpler forms of vibration are combinations of nodal

circles and nodal diameters. The frequency of one nodal circle and one

nodal diameter, Fig. 3AG, is

/i2 = 5.98/01

The frequency of one nodal circle and two nodal diameters, Fig. 3AH, is

/22 = 8.74/01

The frequency of two nodal circles and one nodal diameter, Fig. 3.4/, is

/i3 = 11.9/01

The clamped plate is used in electromagnetic telephone receivers in

which the steel diaphragm serves as the armature. See Sec. 10. 2^^. It is

also used in carbon microphones. See Sec. 9.2^^. Clamped plate dia-

phragms have been used in miniature condenser microphones. The dis-

advantage of a plate is the difficulty of mounting a thin plate to give a

small mass per unit area for high sensitivity and still have sufficient stiff-

ness to yield a high fundamental frequency.

3.6. Longitudinal Vibration of Bars ^^- ^'^' ^^' ^^. — Consider an entirely

free rod of homogeneous material and constant cross section. The

simplest mode of longitudinal vibration of a free rod is one in which

a loop occurs at each end and a node in the middle, that is, when the

length of the rod is one half wavelength. The fundamental frequency of

longitudinal vibration of a free rod, Fig. 3.5, is

/ - W!
where / = length of the rod, in centimeters,

p = density of the material, in grams per cubic centimeter, and

^ = Young's modulus, in dynes per square centimeter. See Table 3. 1

.

The overtones of the free rod are harmonics of the fundamental. That is

/2 = 2/1, /3 = 3/1, /4 = 4/1, etc., Fig. 3.5.

The fundamental resonance frequency occurs when the length of the rod

is one-half wavelength. This fact provides a means of computing the

velocity of sound when the density. Young's Modulus and the frequency

" Rayleigh, " Theory of Sound," Macmillan and Co., London.
" Morse, " Vibration and Sound," McGraw Hill Book Co., New York.
^* Wood, " A Text Book of Sound," Bell and Sons, London.
^^ Lamb, " Dynamical Theory of Sound," E. Arnold, London,
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are known, or the frequency of sound when the velocity, density and
Young's Modulus are known.

Rods in which the longitudinal waves are excited by striking the ends

are used as standards of high frequency sounds, 5000 and above, where a

tuning fork is not very satisfactory.

Longitudinal waves in a rod may be set up by electromagnetic, electro-

static or magnetostriction means. In the first case, if the rod is of mag-
netic material and is held near an electromagnet in which an alternating

current is flowing a longitudinal force will be set up in the rod. If the

frequency of the driving current is continuously variable, the rod will be

set into violent vibrations at the fundamental resonant frequency. If the

Q"
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3.7. Torsional Vibration of Bars 21. 22. _ a solid bar or tube may be

twisted about the axis of the rod in such a manner that each transverse

section remains in its own plane. If the section is not circular there will

be motion parallel to the axis of the bar. Consider an entirely free rod

of homogeneous material and circular cross section. The simplest or fun-

damental mode of torsional vibration occurs when there is a node in the

())) M t M t t w u M >))

FUNDAMENTAL flRST HARMONIC

( )) ) M t . . . V U ) ) ) M > > - M ) } ))

^

FIRST OVERTONE SECOND HARMONIC

(Y) t ^ » M n M - ' ^ M ) }
M » M u)

SECOND OVERTONE THIRD HARMONIC

Fig. 3.6. Modes of torsional vibration of a free rod. The nodes and loops are indicated by

N and L.

middle and a loop at each end, that is, when the length of the rod is one

half wavelength. The fundamental resonant frequency. Fig. 3.6, is given by

•^^ = 2l\Ma + 1)
^'^

where / = length of the rod, in centimeters,

p = density, in grams per cubic centimeter,

^ = Young's modulus, in dynes per square centimeters, and

a = Poisson's ratio. See Table 3.1.

The overtones, as in the case of longitudinal vibrations, are harmonics of

the fundamental. That is, /2 = Vufz = 3/i, /4, = 4/i, etc. The nodes

and antinodes for the various harmonics are formed as in the case of longi-

tudinal vibrations.

Torsional vibrations may be set up in bars by any means which applies

tangential forces to the free end. From a comparison of the longitudinal

and torsional vibrations in the same bar, Poisson's ratio may be determined.

21 Wood, " A Text Book of Sound," Bell and Sons, London.
22 Rayleigh, " Theory of Sound," Macmillan and Co., London.
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3,8. Open and Closed Pipes. — The vibrations of a column of gas or

fluid in a cylindrical tube are analogous to the longitudinal vibrations in

a solid bar. For the open pipe there must be a loop of displacement at

the open ends.

The fundamental resonant frequency of a pipe, open at both ends,

Fig. 3.7, is

f-h 3.9

where / = length of the pipe, in centimeters, and

c = velocity of sound, in centimeters per second. See Table 1.1.

The overtones of an open pipe are harmonics of the fundamental. That
is /a = 2/i, /a = 3/i, fi = 4/i, etc.

FUNDAMENTAL FIRST HARMONIC

SECOND OVERTONE THIRD HARMONIC FIRST OVERTONE THIRD HARMONIC

Fig. 3.7. Modes of vibration of the air column in a pipe open at both ends and in a pipe

closed at one end and open at the other end. The velocity nodes and loops are indicated

by A'" and L.

The fundamental resonant frequency of a pipe closed at one end and

open at the other end. Fig. 3.7, is

/ =
4/

3.10

The overtones of the pipe closed at one end are the odd harmonics.

That is /2 = 3/i, fs = Sfu etc.

In the above examples the end connection has been omitted. Rayleigh ^^

shows the added length at the open end to be .S2R where R is the radius

of the pipe. If the pipe is terminated in a large flange the end connection

will be that given in Sec. 5.7.

Organ pipes and whistles have been built to cover the range from 16

Rayleigh, " Theory of Sound," Macmillan and Co., London.
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cycles to 30,000 cycles. The frequency of open and closed pipes may be

computed from the above equations. The sound vibrations in the pipe

are set up by the stream of air which is controlled by the vibration in the

pipe. It is an oscillatory system fed by a direct current of air or gas.

Table 3.1 young's modulus .9, in dynes per square cen-
timeter, POISSOn's ratio, <7 AND DENSITY p, IN GRAMS PER

CUBIC CENTIMETER

Material



CHAPTER IV

ELECTRICAL, MECHANICAL AND ACOUSTICAL ANALOGIES

4.1. Introduction. — Systems in use to-day for sound reproduction in-

clude mechanical, acoustical, electro-acoustical, electro-mechanical, me-
chano-acoustical and electro-mechano-acoustical systems. Almost any

work involving mechanical or acoustical systems also includes electrical

systems and electric circuit theory. Acoustical measurements are usually

made with electrical instruments and in terms of electrical quantities.

Ultimately the electrical units must be compared with acoustical and me-
chanical units. In general, anyone in any manner connected with sound

reproduction must be familiar with electric circuit theory. Therefore, it

is logical, whenever possible and convenient, to treat mechanical and

acoustical problems by the same mathematical theory as is used in electric

circuit problems.

Electric circuit theory is the branch of electromagnetic theory which

deals with electrical oscillations in linear electrical networks. An elec-

trical network is a connected set of separate circuits termed branches or

meshes. These branches or meshes are composed of elements. Resis-

tance, inductance and capacitance are termed elements.

Mathematically the elements in an electrical circuit are the coefficients

in the differential equations. The equations of electric circuit theory may
be based upon Maxwell's dynamical theory. In this case the network

forms a dynamical system in which the currents play the role of velocities.

In the same way the coefficients in the differential equations of a mechani-

cal or acoustical system may be looked upon as mechanical or acoustical

elements. In other words, every electrical, mechanical or acoustical sys-

tem may be considered as a combination of electrical, mechanical or

acoustical elements. Therefore, any mechanical or acoustical system may
be reduced to an electrical network. Then the problem may be solved by

electric circuit theory.

It is the purpose of this chapter to consider electrical, mechanical and

acoustical elements and the combination of elements and to indicate analo-

gies between the elements and connections in the three systems.

4.2. Resistance.— A. Electrical Resistance.— Resistance is the circuit

element which causes dissipation.

49
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Electrical resistance rs, in abohms, is defined by Ohm's law

e
Ve = - 4.1

where e = voltage across the resistance, in abvolts,

/ = current through the resistance, in abamperes.

B. Mechanical Resistance. — In a mechanical system dissipation is due

to friction. Mechanical resistance r^, in mechanical ohms, is defined as

Vm = — 4.2
u

where/m = applied mechanical force, in dynes, and

u = velocity at the point of application of the force, in centimeters

per second.

C. Acoustical Resistance. — In an acoustical system dissipation may be

due to fluid resistance or radiation resistance. Fluid resistance is due to

viscosity. See Sec. 5.2. In the case of fluid flowing through a pipe with

a velocity of one cubic centimeter per second, resistance is represented by

the pressure drop along the pipe. The case of radiation resistance is dis-

cussed in Sec. 5.7.

Acoustical resistance r^, in acoustical ohms, is defined as,

r.^f- 4.3

where p = pressure, in dynes per square centimeter, and

U = volume current, in cubic centimeters per second.

Volume current (sometimes termed volume velocity) is the rate of change

of volume displacement with time. In other words, volume current is the

linear velocity over an area multiplied by the area.

4.3. Inductance, Inertia, Inertance. — A. Inductance. — Inductance is

the electrical circuit element which opposes a change in current. Induc-

tance is defined as

di
e = L- 4.4

dt

where Z-= inductance, in abhenries,

e = electromotive or driving force, in abvolts, and

di— = rate of change of current, in abamperes per second
dt
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Equation 4.4 states that the driving force or electromotive force across

an inductance is proportional to the inductance and the rate of change of

current.

B. Inertia. — Mass is the mechanical element which opposes a change

in velocity. Mass is defined as

/„ = »- 4.5

where m — mass in grams,

— = acceleration, in centimeters per second per second, and
dt

Jm = driving force, in dynes.

Equation 4.5 states that the driving force applied to the mass is pro-

portional to the mass and the rate of change of velocity.

C. Inertance. — Inertance is the acoustical element which opposes a

change in volume current. Inertance is defined as

dU
p = M -— 4.6^

dt

where M = inertance, in grams per square centimeter per square centi-

meter,

^^ u •

1
• u-

•— = change m volume current, m cubic centimeters per second
dt

per second, and

p = driving pressure, in dynes per square centimeter.

Equation 4.6 states that the driving pressure applied to an inertance is

proportional to the inertance and the rate of change of volume current.

4.4. Capacitance, Compliance, Acoustic Capacitance. — A. Electrical

Capacitance. — Capacitance is the electrical circuit element which opposes

a change in voltage. Capacitance is defined as

i = Ce— 4.7

where Ce = capacitance, in abfarads,

de— = rate of change in voltage, in abvolts per second, and
dt

i = current, in abamperes.
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Equation 4.7 may be written

e = -^ fidt = jr 4.8

where q = charge on the capacitance, in abcoulombs.

Equation 4.8 states that the charge on a condenser is proportional to the

capacitance and the apphed electromotive force.

B. Mechanical Compliance. — Compliance is the mechanical element

which opposes a change of the applied force. Compliance may be de-

fined as

X
fM = -7r 4.9

where Cm = compliance, in centimeters per dyne,

X = displacement, in centimeters, and

/m = applied force, in dynes.

Equation 4.9 states that the displacement of a compliance is proportional

to the compliance and the applied force.

C. Acoustical Capacitance. — Acoustical capacitance is the acoustic

element which opposes a change in the applied pressure. The pressure, in

dynes per square centimeter, in terms of the condensation, from equation

1.21 is

p = c^ps 4.10

where c = velocity, in centimeters per second,

p = density, in grams per cubic centimeter, and

s = condensation.

The condensation in a volume F due to a change of volume dF is

s-f
The change in volume is

dF = Sx 4.12

where x = displacement, in centimeters, over the area ^S*, In square centi-

meters.

The volume displacement, in cubic centimeters, is,

X= Sx 4.13
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From equations 4.10, 4.11, 4.12 and 4.13 the pressure is

4.14

From the definition of acoustic capacitance, equation 4.14, the acoustic

capacitance of a volume isj

V
Ca = — 4.15

Then equation 4.14 may be written,

P
X_

Ca
4.16

Equation 4.16 states that the volume displacement in an acoustic capaci-

tance is proportional to the pressure and the acoustic capacitance.

-^OTU^
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Acous-

These

in the acoustical system is represented as the fluid contained in a tube in

which all the particles move with the same phase when actuated by a force

due to pressure. These elements are analogous to inductance in the

electrical system.

Compliance in the mechanical system is represented as a spring,

tic capacitance is represented as a volume which acts as a stiffness

elements are analogous to capacitance in the electrical system.

4.6. Electrical, Mechanical and Acoustical Systems of One Degree of

Freedom. — In the preceding sections the fundamental elements in each

of the three systems have been defined. From these definitions it is evi-

dent that friction, mass and compliance govern the movements of physical

bodies in the same manner that resistance, inductance and capacitance

govern the movement of electricity. In any dynamical system there are

e c^: m
/77777m77m7f77777 P li M C^

ELECTRICAL MECHANICAL ACOUSTICAL

Fig. 4.2. Electrical, mechanical and acoustical systems of one degree of freedom. (Courtesy

of The Blakiston Company from Olson and Massa, " Applied Acoustics.")

two distinct problems, namely: the derivation of the differential equations

from the statement of the problem, and the physical laws and the solution

of the differential equation. Mathematically the elements in the electrical

circuit are the coefficients in the differential equation. In the same way

the coefficients in the differential equations of a mechanical or acoustical

system may be looked upon as mechanical or acoustical elements. It is

the purpose of this section to describe the action of electrical and acous-

tical systems from this viewpoint. An electrical, mechanical and acoustical

system of one degree of freedom is shown in Fig. 4.2. In one degree of

freedom the activity in every element of the system may be expressed in

terms of one variable. In the electrical system an inductance Z-, a re-

sistance Te-, a capacitance Ce and an electromotive force e are connected in

series. In the mechanical system, a driving force/m acts upon a particle

of mass m fastened to a spring Cm and sliding upon a plate with a frictional

force which is proportional to the velocity and designated as Vm- In the

acoustical system, an impinging sound wave of pressure p acts upon an



ONE DEGREE OF FREEDOM 55

inertance M comprising the air in the tubular opening which is connected

to the volume Ca. The acoustical resistance Ta is due to radiation.

A. Kinetic Energy. — The kinetic energy, in ergs, stored in the mag-

netic field of the electrical circuit is

Ike = 2'-'^ ^. 1 /

where L = inductance, in abhenries, and

i — current through the inductance L, in abamperes.

The kinetic energy, in ergs, stored in the mass of the mechanical

system is

Tkm = hmx" 4.18

where m = mass, in grams, and

X = velocity of the mass m, in centimeters per second.

The kinetic energy, in ergs, stored in the inertance of the acoustical

system is

TKA = hMX^ 4.19

where M = m/ S"^, the inertance,

m — mass of air in the opening, in grams,

S = cross-sectional area of the opening, in square centimeters,

X = Sx, and

X = velocity of the air particles in the opening, in centimeters per

second.

It is assumed that all the air particles in the opening move with the

same phase.

B. Potential Energy. — The potential energy, in ergs, stored in the

electric field of the electrical circuit is

1 <7^

^p^ = -^7r 4.20

where Ce = capacitance, in abfarads, and

5/ = charge on the capacitance, in abcoulombs.

The potential energy, in ergs, stored in the compliance or spring of the

mechanical system is

1 x'^

^PE = -'^ 4.21

where Cm = lA, compliance of the spring, in centimeters per dyne,

s = stiffness of the spring, in dynes per centimeter, and

X = displacement, in centimeters.
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The potential energy, in ergs, stored in the capacitance of the acoustical

system is

Vp^ = i — 4.22
2 Ca

where X = volume displacement, in cubic centimeters,

V
Ca = — , acoustical capacitance,

V = volume of the cavity, in cubic centimeters,

p = density of air, in grams per cubic centimeter, and

c = velocity of sound, in centimeters per second.

The total energy, in ergs, stored in the three systems may be written,

^E = Tke + VpE = T^LP +:,& 4.23

Wm = Tkm + VpM = - mx" + - ^ 4.24
Z Z L,M

Wa = Tka + VpA - \mX'' + ^^ 4.25
Z Z LiA

The rate of change of energy, in ergs per second, in the three systems

may be written

^^ = Li— + -^ = L •" + — 4 26
dt dt Ce Ce

dWu ... ,

y^x . ^-—-— = mxx + — 4.27

at L.A

C. 'Dissipation. — The rate at which electromagnetic energy, in ergs per

second, is converted into heat is.

Be = rEi"" 4.29

where Te = resistance, in abohms, and

/ = current, in abamperes.
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Assume that the frictional force/M, in dynes, acting upon the mass m as

it sHdes back and forth is proportional to the velocity as follows,

Jm = TmX • 4.30

where Vm = mechanical resistance, in mechanical ohms, and

X — velocity, in centimeters per second.

The rate at which mechanical energy, in ergs per second, is converted

into heat is

Dm = Jm^ — fM^ 4.31

The rate at which acoustical energy, in ergs per second, is radiated is

Da = vaX^ 4.32

where Va — acoustical radiation resistance, in acoustical ohms, and

X = volume current, in cubic centimeters per second.

Acoustic radiation resistance will be considered in Sec. 5.7.

D. Equations of Motion. -^ The rate at which work is done by the ap-

plied electromotive force is qE^'^^ = eq. The rate at which work is done

by the applied mechanical force is xF^'^^ = /mX. The rate at which work

is done by the applied acoustical pressure is XPe"^' = pX.
The rate of decrease of energy {Tk + Vp) of the system plus the rate

at which work is done on the system by the external forces must equal the

rate of dissipation of energy. Writing this sentence mathematically yields

the equations of motion for the three systems. .

Electrical

Lqq + r^f + |^ = Re'^^'q 4.33
CE

Mechanical

Lq+rEq+^ = E^'^' 4.34

XX
mxx + rEX^ + 77- = ^^"'^ ^•'^^

mx + VeX + ^ = Fe^'"' 4.36
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Acoustical

MXX + rj,X^ + 77- = Pe^"'X 4.37

MX + rAX^^ = P^''^' 4.38
^A

The steady state solution of equations 4.34, 4.36 and 4.38 are:

Electrical

q = i = = - 4.39

Te + jwL —

Mechanical

Acoustical

Fe'"'' /M
X = —

—

=•'— 4.40

rM+JoiM—;-

P^ PX = — = — 4.41

ooLa

The vector electrical impedance is

2^ = rE +

The vector mechanical impedance is,

1

ze = rE + jwL — 4.42
wLe

Zm = rM +joim —

-

4.43
coCm

The vector acoustical impedance is

za = ta + jo^M ^—- 4.44

Electrical impedance is the complex quotient of the voltage by the cur-

rent. The unit is the abohm.

Electrical resistance is the real component of the electrical impedance.

The unit is the abohm.

Electrical reactance is the imaginary component of the electrical imped-

ance. The unit is the abohm.

Electrical abohm. An electrical resistance, reactance or impedance is
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said to have a magnitude of one abohm when a voltage of one abvolt pro-

duces a current of one abampere.

Mechanical impedance is the complex quotient ot the force by the linear

velocity. The unit is the mechanical ohm.

Mechanical resistance is the real component of the mechanical imped-

ance. The unit is the mechanical ohm.

Mechanical reactance is the imaginary component of the mechanical

impedance. The unit is the mechanical ohm.

Mechanical ohm. A mechanical resistance, reactance or impedance is

said to have a magnitude of one mechanical ohm when a force of one dyne

produces a velocity of one centimeter per second.

Acoustical impedance is the complex quotient of the pressure by the

volume current. The unit is the acoustical ohm.

Acoustical resistance is the real component of the acoustical resistance

impedance. The unit is the acoustical ohm.

Acoustical reactance is the imaginary component of the acoustical im-

pedance. The unit is the acoustical ohm.

Acoustical ohm. An acoustical resistance, reactance, or impedance is

said to have a magnitude of one acoustical ohm when a pressure of one

dyne per square centimeter produces a volume current of one cubic cen-

timeter per second.

E. Resonant Frequency .
— For a certain value of L and Cb, m and Cm-,

and M and Ca there will be a certain frequency at which the imaginary

component of the impedance is zero. This frequency is called the resonant

frequency. At this frequency the ratio of the current to the applied voltage

or the ratio of the velocity to the applied force or the ratio of the volume

current to the applied pressure is a maximum. At the resonant frequency

the current and voltage, the velocity and force, and the pressure and vol-

ume current are in phase.

The resonant frequency /r in the three systems is,

Electrical

fr = ^ 4.45

Mechanical

Acoustical

fr = 7= 4.46

fr 7= 4.47
2tVmCa
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4.7. Electrical, Mechanical and Acoustical Systems of Two Degrees of

Freedom. — The simple resonant system of one degree of freedom has been

considered in the preceding section. It is the purpose of this section to

consider the parallel electrical circuit and the mechanical and electrical

equivalents.

The Electrical System

The relation of the currents in Fig. 4.3 are

k = k + h

The voltage across the capacitance is

The voltage across the inductance and resistance in series is

dh
e = L—r -\- TeIz

dt

Since g = z, equation 4.50 may be written

d- = Z-^s + rEqz

4.48

4.49

4.50

4.51

M .

i_X rxi-q^ iP X

Xa
p M 0,

ELECTRICAL MECHANICAL ACOUSTICAL

Fig. 4.3. Electrical, mechanical and acoustical systems of two degrees of freedom.

The Mechanical System

The total displacement in the mechanical system of Fig. 4.3 is the sum
of the displacement of the mass m and the displacement of the com-

pliance Cm-

xi = X2 + xz 4.52

Differentiating equation 4.52 with respect to the time, the velocities are

^1 = ^2 + xz 4.53

The force applied to the spring is

fM = ^ 4.54
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The force applied to the mass and resistance is

Jm = mxz + r^Xi 4.55

The Acoustical System

The total volume displacement, in the acoustical system of Fig. 4.3, is

the sum of the volume displacement of the inertance M and the volume

displacement of the acoustic capacitance Ca-

Xi = X2 + Xz 4.56

The total volume displacement is the volume displacement of the vi-

brating piston. The vibrating piston is not a part of the acoustical system.

It is merely the sound pressure source which produces the sound pressure^.

Differentiating equation 4.56 with respect to the time, the volume cur-

rents are

Xi = X, +Xs 4.57

The pressure applied to the capacitance is

p= ^ 4.58
Ca

The pressure applied to the inertance and acoustic resistance is

p = MXz + taXz 4.59

A comparison of the coefficients- of equations 4.49, 4.51, 4.54, 4.55, 4.58

and 4.59 shows again that resistance, inductance and capacitance is equiva-

lent to resistance, mass and compliance in the mechanical system and to

resistance, inertance and acoustic capacitance in the acoustical system.

A comparison of equations 4.48, 4.53 and 4.57 shows that currents in the

electrical system are analogous to velocities in the mechanical system and

to volume currents in the acoustical system.

The equations for the impedance of a parallel electrical circuit are given

in all text-books on electrical engineering and will not be repeated. The
performance of the mechanical or acoustical system of Fig. 4.3 may be

predicted by employing the equations for the electrical circuit of Fig. 4.3.

4.8. Electrical, Mechanical and Acoustical Systems of Three Degrees

of Freedom. — A system of three degrees of freedom is shown in Fig. 4.4.

The currents in the different branches of the electrical system may be

obtained by using the rules and formulas of the electrical circuit theory.

From the differential equations of the electrical, mechanical and acoustical

systems it can be shown Z-i, L2, Cei, Cei and Te in the electrical system are
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equivalent to nii, m^, Cmi, Cmi and Vm in the mechanical system and Mi,

M2, Cai, Ca2 and r^ in the acoustical system. These equations also show
that the currents in the electrical system are equivalent to the velocities

in the mechanical system and to the volume currents in the acoustical

system. Therefore, the action of a mechanical or acoustical system may
be predicted by employing the equivalent electrical circuit of these systems

and solving the circuit by the conventional electrical theory.

ELECTRICAL MECHANICAL ACOUSTICAL

Fig. 4.4. Electrical, mechanical and acoustical systems of three degrees of freedom.

4.9. Corrective Networks. — A. Introduction. — A corrective network

is a structure which has a transmission frequency characteristic that is

more or less gradual in slope. Such a characteristic is obtained when an

inductance, capacitance or the combination of both are shunted across a

line. Another type of corrective network is an inductance capacitance or

combination of both connected in series with a line. Various types of

resistance networks may be used as attenuators for matching dissimilar

impedances. It is the purpose of this section to illustrate further analogies

between electrical, mechanical and acoustical systems having similar trans-

mission characteristics.

B. Inductance in Shunt with a Line and the Mechanical and Acoustical

Equivalents .
— In Fig. A^.SA an inductance is shunted across a line. If

the impedance of the inductance is small compared to the input and out-

put impedances, the transmission will be small. If the impedance of the

inductance is large compared to the input and output impedances, the

attenuation introduced by the inductance will be negligible. Since the

impedance of an inductance is proportional to the frequency, the current

transmission will increase with frequency as shown by the characteristic

of Fig. 4.5D.

When the mass reactance in the mechanical system of Fig. 4.55 is small

compared to the load impedance or driving impedance, the mass will move
and there will be very little velocity (motion) transmitted to the load. If

the mass reactance is comparatively large, the mass will remain station-

ary and the behavior will be practically the same as a directly coupled

system. Since the impedance of a mass is proportional to the frequency.
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the velocity transmission will increase with frequency as shown by the

characteristic of Fig. 4.5D.

The acoustical system, Fig. 4.5C, consists of a pipe with a side branch

forming an inertance. At low frequencies the reactance of the inertance

is small compared to the impedance of the pipe and the sound is shunted

out through the hole. At high frequencies the reactance of the inertance

is high compared to the impedance of the pipe and the sound wave flows

M
ELECTRICAL
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Fig. 4.5. A line shunted by the following: A an inductance. E a capacitance. / an induc-

tance and a capacitance in series. M. an inductance and a capacitance in parallel. The
mechanical equivalents are shown in B, F, J and A''. The acoustical equivalents are shown
in C, G, K and 0. The transmission-frequency characteristics are shown in D, H, L and P.

down the pipe the same as it would in the absence of a branch. Since

the impedance of an inertance is proportional to the frequency, the volume

current transmission will increase with frequency as shown by the charac-

teristic of Fig. 4.5D.

C. Capacitance in Shunt with a Line and the Mechanical and Acoustical

Equivalents. — In Fig. \.SK a capacitance is shunted across a line. The
reactance of a capacitance is inversely proportional to the frequency.
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Therefore, the current transmission will decrease with increase in fre-

quency as shown by the characteristic of Fig. 4.5//.

The reactance of the compliance of the mechanical system, Fig. 4.5F,

is inversely proportional to the frequency. Therefore, at low frequencies

the compliance will remain comparatively stationary and the behavior

will be the same as a directly coupled system. At high frequencies the

velocity (motion) of the compliance will be the same as the input velocity

and there will be very little velocity transmitted to the load. The velocity

transmission characteristic of this system is shown in Fig. 4.5/7.

The acoustic system, Fig, 4.5G, consists of a pipe with an enlarged por-

tion forming an acoustic capacitance. At low frequencies the reactance

of the acoustic capacitance is large compared to the impedance of the pipe

and the sound flows down the pipe the same as it would in the absence of

the enlargement. At high frequencies the reactance of the acoustic capaci-

tance is small compared to the impedance of the pipe and the sound is

shunted out by the enlargement. Since the reactance is inversely propor-

tional to the frequency, the volume current transmission will decrease with

frequency as shown by the characteristic of Fig, 4.5//.

D. Inductance and Capacitance in Series^ in Shunt with a Line and the

Mechanical and Acoustical Equivalents. — Figure 4.5/ shows an inductance

and capacitance connected in series across a line. The mechanical and

acoustical equivalents are shown in Figs. 4.5/ and 4.5K. At low frequen-

cies the three systems behave the same as Figs. 4.5E, 4.5F and 4.5G and

there is very little attenuation. At high frequencies the systems behave

the same as Figs. 4.5^, 4.55 and 4.5C and there is very little attenuation.

At the resonant frequency of the inductance and the capacitance the im-

pedance is zero. Therefore, there is no current transmission at this fre-

quency. At the resonant frequency of the mass and compliance. Fig.4.5/,

there is no velocity transmitted because the impedance of the resonant

system is zero. At the resonant frequency of the Helmholtz resonator

forming the branch of the pipe line in the acoustical system of Fig, 4.5Ky

there is no volume current transmission because the " incident " volume

current " pumps in and out " of the resonator. The transmission char-

acteristics of the three systems of Figs. 4.5/, 4.5/ and 4.5K are shown in

Fig. 4.5/:.

E. Inductance and Capacitance in Parallel, in Shunt with a Line and the

Mechanical and Acoustical Equivalents .
— Figure 4.5M shows an induc-

tance and capacitance connected in parallel across a line. The mechanical

and acoustical equivalents are shown in Figs. 4.5A^ and 4.50. At low fre-

quencies the systems behave the same as Figs. 4.5^^, 4.55 and 4.5C and
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the transmission is small. At high frequencies the systems behave the

same as Figs. 4.5E, 4.SF and 4.5G and the transmission is again small.

At the resonant frequency of the inductance and capacitance the imped-

ance is infinite. Therefore, the shunt circuit introduces no attenuation

at this frequency. At the resonant frequency of the mass and compliance

of Fig. 4.SN the input to the spring does not move. Therefore, the sys-

tem transmits the same as a directly coupled system. At the resonant

frequency of the Helmholtz resonator, Fig. 4.50, there is no volume cur-

rent flowing into the resonator from the line because the input acoustic

impedance is infinite. Therefore, the sound is transmitted down the pipe

the same as in the absence of the resonator. The transmission charac-

teristic of the three systems of Figs. 4.5M, 4.5N and 4.50 is shown in

Fig. 4.5P.

F. Inductance in Series with a Line and the Mechanical and Acoustical

Equivalents. — In Fig. 4.6A an inductance is connected in series with a

line. If the impedance of the inductance is small compared to the input

and output impedances the attenuation introduced by the inductance will

be small. If the impedance of the inductance is large compared to the

input and output impedances the current transmission will be small. Since

the impedance of an inductance is proportional to the frequency the trans-

mission will decrease with frequency as shown in Fig. 4.6D.

In the mechanical system of Fig. 4.65, if the mass reactance is small

compared to the load or driving impedance, the addition of the mass will

cause very little reduction in the velocity transmitted to the load. If the

mass reactance is comparatively large the mass will remain practically

stationary and the velocity transmitted to the load will be small. Since

the mechanical impedance of a mass is proportional to the frequency, the

velocity transmission will decrease with frequency as shown by the char-

acteristic of Fig. 4.6D.

The acoustical system of Fig. 4.6C consists of a pipe with a constriction

which forms an inertance M. At low frequencies the reactance of the

inertance is small compared to the impedance of the pipe and the inertance

introduces very little attenuation. At high frequencies where the react-

ance of the inertance becomes large compared to the impedance of the

pipe, the volume current transmission through the inertance will be small.

Since the acoustic impedance of an inertance is proportional to the fre-

quency, the volume current transmission will decrease with frequency as

shown by the characteristic of Fig. 4.6D.

G. Capacitance in Series with a Line and the Mechanical and Acoustical

Equivalents. — In Fig. 4.6E a capacitance is connected in series with a line.
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The reactance of a capacitance is inversely proportional to the frequency.

Therefore, the current transmission will increase with increase in frequency

as shown in Fig. 4.5H.

The impedance of the compliance of the mechanical system of Fig. 4.6F

is inversely proportional to the frequency. Therefore, at low frequencies

the compliance will remain comparatively stationary and there will be

very little velocity transmission. At high frequencies the motion of the

—nm^l—
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Fig. 4.6. A line in series with the following: A an inductance. E a capacitance. 7 an

inductance and a capacitance in series. M an inductance and a capacitance in parallel.

The mechanical equivalents are shown in 5, F, J and N. The acoustical equivalents are

shown in C, G, K and 0. The transmission-frequency characteristics are shown in D, H,

L and P.

compliance corresponds to the input velocity. Therefore, the velocity

transmission characteristic will be shown in Fig. 4.6//.

There is no simple acoustical system which is equivalent to an electrical

capacitance in series with a line. The equivalent shown in Fig. 6G con-

sists of a stiffness controlled diaphragm, that is, the mass of the diaphragm

is small and the stiffness of the suspension high so that the frequency range

under consideration is well below the natural resonant frequency of the

diaphragm and suspension. The acoustic capacitance of this system is
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the mechanical compliance multiplied by the square of the area of the dia-

phragm. It will be seen that this system will not transmit a steady flow

of a gas in the same way that the electrical circuit of Fig. 4.6£ will not

transmit direct current. Since the reactance of an acoustic capacitance

is inversely proportional to the frequency, the volume current transmission

will increase with increase of the frequency as shown by the characteristic

of Fig. 4.6//.

H. Inductance and Capacitance in Series, in Series with a Line and the

Mechanical and Acoustical Equivalents. — Figure 4.6/ shows an inductance

and capacitance connected in series in a line. The mechanical and acous-

tical equivalents are shown in Figs. 4.6/ and 4.6/C. At low frequencies

the three systems behave the same as Figs. 4.6£, 4.6/^ and 4.6G and the

transmission is small. At high frequencies the systems behave the same

as Figs. 4.6yf, 4.65 and 4.6C and the transmission is small. At the res-

onant frequency of the inductance and capacitance the impedance is zero.

Therefore, the attenuation is zero at thi^ frequency. At the resonant

frequency of the mass and compliance, Fig. 4.6/, there is no attenuation

because the impedance presented by the mass and compliance is zero.

At the resonant frequency of the inertance and acoustic capacitance. Fig.

4.6i^, the impedance of this system is zero and there is no attenuation.

The transmission characteristics of the three systems of Figs. 4.6/, 4.6/

and 4.6/C are shown in Fig. 4.6/,.

I. Inductance and Capacitance in Parallel, in Series with a Line and the

Mechanical and Acoustical Equivalents .
— Figure 4.6M shows an induc-

tance and capacitance in parallel connected in series with a line. The

mechanical and acoustical equivalents are shown in Figs. 4.6A^ and 4.60.

At low frequencies the systems behave the same as Figs. 4.6^/, 4.65 and

4.6C and the attenuation is small. At the high frequencies the systems be-

have the same as Figs. 4.6£, 4.6/^ and 4.6G and the attenuation is small.

At the resonant frequency of the inductance and capacitance, Fig. 4.6M,

the impedance is infinite and there is no current transmission. At the

resonant frequency of the mass and compliance of Fig. 4.6A^ the input to

the spring does not move and there is no velocity transmission. At the

resonant frequency of the inertance and acoustic capacitance the vol-

ume current " pumps " around this circuit and there is no volume cur-

rent transmission. The transmission characteristics of the three systems

of Figs. 4.6M, 4.67V and 4.6P are shown in Fig. 4.6/,.

J. Resistance in Series with a Line and the Mechanical and Acoustical

Equivalents. — Figure 4.7y/ shows a resistance in series with a line. The
attenuation will be e:reater as the resistance is made larger. Tn the same
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way the attenuation in the mechanical system of Fig. 4.75 will be greater

as the sliding resistance is made larger. The acoustical system of Fig. 4.7C

shows a pipe line with a system of slits in series with the line. The slits

form an acoustic resistance. See Sec. 5.4. The attenuation in this sys-

tem will increase as the acoustic resistance is made larger.
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Fig. 4.7. A— an electrical resistance in series with a line. The mechanical and acoustical

equivalents are shown in B and C. D an electrical resistance in shunt with a line. The
mechanical and electrical equivalents are shown in E and F. A " T " and " tt " electrical

resistance network are shown in G and J. The mechanical and acoustical equivalents

are shown in H, I, K and L.

K. Resistance in Shunt with a Line and the Mechanical and Acoustical

Equivalents. — Figure 4.7D shows a resistance in shunt with a line. The

attenuation in this case will be greater as the resistance is made smaller.

In the same way the attenuation in the mechanical system of Fig. 4.7£

will be greater as the sliding resistance is made smaller. In the acoustical
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system, Fig. 4.7F, the attenuation will increase as the shunt acoustic re-

sistance is made smaller.

L. " T " Type Resistance Network and the Mechanical and Acoustical

Equivalents.— The use of " T " resistive networks in electrical circuits for

introducing attenuation without reflections or for matching two dissimilar

impedances is well known. Figure 4.7G shows a " T " type electrical net-

work and the mechanical and acoustical equivalents are shown in Figs. 4.7/f

and 4.77.

M. "
TT

" Type Resistance Networks and the Mechanical and Acoustical

Equivalents. — The "
-k

" type of network may be used for the same pur-

pose as the " T " network of the preceding section. Figure 4.7/ shows a
" TV " type electrical network and the mechanical and acoustical equiva-

lents are shown in Figs. 4.7X and 4.7L.

4.10. Wave Filters. — A. Introduction. — The essential function of a

wave filter is to let pass desired frequency bands and to highly attenuate

neighboring undesired frequency bands. Wave filters may be either elec-

trical, mechanical or acoustical. Electric wave filters were invented by
Campbell ^ and have innumerable uses in electrical circuits. Acoustic

wave filters were invented by Stewart ^ and have been used extensively.

Mechanical filters have been employed in all types of mechanisms for many
centuries. Acoustical and mechanical wave filters are becoming very im-

portant for use imnoise reduction and control of vibration in all types of

machinery and appliances. It is the purpose of this section to illustrate

and describe the different types of electrical, mechanical and acoustical

wave filters.

B. Types of Wave Filters. — The response frequency characteristics of

wave filters are widely different. The more frequently used types are

designated as follows:

Low Pass Wave Filters

High Pass Wave Filters

Band Pass Wave Filters

Band Elimination Wave Filters

A low pass wave filter is a system which passes currents, velocities or

volume currents of all frequencies from zero up to a certain frequency

termed the cutoff frequency/c and which bars currents, velocities or volume
currents of all higher frequencies.

A high pass wave filter is a system which passes currents, velocities or

1 Campbell, G. A., Bell System Tech. Jour., Vol. 1, No. 2, 1922.
2 Stewart, G. W., Phys. Rev., Vol. 20, No. 6, p. 528, 1922.
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volume currents of all frequencies from infinity down to a certain frequency

termed the cutoff frequency /c and which bars currents, velocities or vol-

ume currents of all lower frequencies.

A band pass filter is a system which passes currents, velocities or volume

currents that lie between two cutoff frequencies fc\ and Jci and bars cur-

rents, velocities and volume currents of all frequencies outside this range.

A band elimination filter is a system which bars currents, velocities or

volume currents that lie between the two cutoff frequencies /ci and/c2 and

passes currents, velocities or volume currents of all frequencies outside

this range. The transmission characteristics of low pass, high pass, band

pass and band elimination filters are shown in Fig. 4.8.

v.

FREQUENCY
LOW PASS
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The impedance of the series arm in the three systems is

zei = j(JiL 4.60

Zmi = jo^m 4.61

zai = joiM 4.62

The impedance of the shunt arm in the three systems is

1

Ze2
JcoCe

1
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Equations 4.66, 4.67, 4.68, 4.69, 4.70 and 4.71 show that the systems of

Fig. 4.9 are low pass filters transmitting currents, velocities or volume

currents of all frequencies lying between and the cutoff frequency /c

where /c = coc/Itt.

E. High Pass Wave Filters. — Electrical, mechanical and acoustical high

pass wave filters are shown in Fig. 4.10.

The impedance of the series arm in the three systems

1

Z£l

\__
Zmi — ^

1

Zai
Jo:Ca

4.72

4.73

4.74

HI Ih

s
ELECTRICAL MECHANICAL ACOUSTICAL

Fig. 4.10. High pass wave filters. (Courtesy of The Blakiston Company from Olson and

Massa, " Applied Acoustics.")

The impedance of the shunt arm in the three systems is

Zm2 = j<jiin

ZA2 = JOJM

The limiting frequencies are given by

— = and — = — 4
Z2 22

From the constants of the system,

ZiE 1

4.75

4.76

4.77

Z2E

ZlM

ZiM

LCe^c

1

mCu^c

= 0, when coc = <»

= 0, when coc = oo

4.78

4.79
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ZiA

Z2A

ZiE

Z2E

ZlM

Z2M

ZlA

ZoA

1

MC4CO,

1

- = 0, when coc =

1__

1

MCAOOc"

; = — 4, when coc =

= — 4, when coc =

= — 4, when coc =

1

WlCe
1

1-\/mCu
1

2VmC^

4.80

4.81

4.82

4.83

Equations 4.78, 4.79, 4.80, 4.81, 4.82 and 4.83 show the systems of

Fig. 4.10 are high pass wave filters transmitting currents, velocities or

Volume currents of all frequencies lying between the cutoff frequency fc

where /c = (Jic/li^, and infinity.

F. Band Pass Wave Filters. — Electrical, mechanical and acoustical

band pass wave filters are shown in Fig. 4.11.

ra=nCH

ELECTRICAL MECHANICAL ACOUSTICAL

Fig. 4.11. Band pass wave filters.

The impedance of the series arm in the three systems is

ze\ = jo^Li

Zmi = jo^mi

zai = ji^Mi

The impedance of the shunt arm in the three systems is

ZE2 ^ '

1 — oi^CsLi

jw7n2
Zm2

ZA2 =

1 — (jrCu'tn^

jwM2

1 - co^C^Mz

4.84

4.85

4.86

4.87

4.88

4.89
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The limiting frequencies are given by

— = and — =
22 22

Applying these relations it can be shown that the systems of Fig. 4.11

are band pass filters transmitting currents, velocities or volume currents

of all frequencies lying between two cutoff frequencies/d and/c2.

G. Band Elimination Wave Filters. — Electrical, mechanical and acous-

tical band elimination wave filters are shown in Fig. 4.12.

ELECTRICAL MECHANICAL

Fig. 4.12. Band elimination wave filters.

The impedance of the series arm in the three systems is

ze\ =

Zmi —

Zai =

1 — cj'^CeiLi

jcomi

1 — Op'CMlffll

jwM
1 - co^C^iMi

For a description of the acoustic capacitance Ca\ see Sec. 4.9G

The impedance of the shunt arm in the three systems is

J
ZE2 = JC0L2 —

Zm2 = jo}m2 —

ZA2 = J0iM2 —

The limiting frequencies are given by

CoCe2

J

<^Cm2

j

wCa2

^ =: and - = - 4
22 22

4.90

4.91

4.92

4.93

4.94

4.95
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Applying these relations it can be shown that the systems of Fig. 4.12

are band elimination filters transmitting currents, velocities or volume
currents of all frequencies between zero and the cutoff frequency /d and

between the cutoff frequency /c2 and infinity.

4.11. Summary of Electrical, Mechanical and Acoustical Analogies.

— A large number of equivalent electrical, mechanical and acoustical sys-

tems have been discussed in this chapter. The analogies between the

elements in the three systems are obtained by a comparison of the coeffi-

cients occurring in the differential equations of the forced oscillations in

the three systems. For every symbol used in the electrical system there

is a corresponding symbol in the equations for the mechanical or acoustical

system. Furthermore, the corresponding symbol for each of the systems

appears in exactly the same place in all the corresponding equations of

the three systems. This is the essence of the electrical equivalent of a

mechanical or acoustical system.

Table 4.1 lists the quantities, units, symbols and dimensions of the

analogous quantities in the electrical, mechanical and acoustical systems.

Three fundamental dimensions are necessary to form a complete me-
chanical dimension system. Table 4.1 uses mass M, length L and time

T. In the case of the electrical units dielectric constants and permeability

are assumed to be dimensionless.





CHAPTER V

ACOUSTICAL ELEMENTS

5.1. Introduction. The preceding chapter is devoted to analogies be-

tween electrical, mechanical and acoustical systems. The purpose of draw-

ing these analogies is to facilitate the solution of problems in mechanical

and acoustical vibrating systems by converting these problems into the

corresponding electrical equivalents and solving the resultant electrical

circuits by conventional electrical circuit theory. An electrical circuit is

composed of electrical elements. In the same way the acoustical system

is composed of acoustical elements. The type of elements, that is, resis-

tance, inertance or capacitance, will depend upon the characteristic man-

ner in which the medium behaves for different sources of sound and in the

different ways of confining the medium. It is the purpose of this chapter

to consider acoustic elements and combination of elements.

5.2. Acoustic Resistance. Acoustic resistance may be obtained by forc-

ing air through a small hole. The resistance is due to viscosity which may
be considered as friction between adjacent layers of air. In the ordinary

transmission of sound in a large tube the motion of all the particles in a

plane normal to the axis is the same, therefore the frictional losses are

small. When sound travels in a small tube the particle velocity varies

from zero at the boundary to a maximum at the center. The same is true

when a steady stream of air is forced through a small hole or tube, the

velocity of adjacent layers varies from zero at the boundary to a maximum
at the center. The smaller the hole the higher will be the resistance be-

cause of the greater effect of the sides.

A small tube also has inertance. Therefore, the reactive component
increases with frequency. The mass reactance increases as the size of the

hole decreases as does the resistance, but at a slower rate. Therefore, the

mass reactance may be made negligible compared to the resistance if the

hole is made sufficiently small.

Acoustic resistance employing viscosity may be made in various forms

as, for example, a large number of small holes or a large number of slits.

The acoustic impedance of fine holes and slits will be considered in the

next two sections.

77
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5.3. Acoustic Impedance of a Tube of Small Diameter. — The trans-

mission of sound waves or direct currents of air in a small tube is influenced

by resistance due to viscosity. The diameter is assumed to be small com-

pared to the length so that the end correction may be neglected. The
length is assumed to be small compared to the wavelength. The diameter

is assumed to be small compared to the length.

The acoustic impedance of a small diameter tube ^'^'^ is given by

Za = / /8m 4 . \

where R = radius of the tube, in centimeters,

^x = viscosity coefficient, 1.86 X 10~^ for air

60 = It/, f = frequency, in cycles per second,

/ = length of the tube, in centimeters, and

p = density, in grams per cubic centimeter.

The effect of viscosity is to introduce resistance in the form of dissipa-

tion as well as to add to the reactance.

The resistance of a single hole is ordinarily much too high. The desired

resistance may be obtained by using a sufficient number of holes.

Silk cloth provides a simple means of obtaining acoustic resistance of

this type. It has been used in microphones and telephone receivers for

many years. The ratio of the resistance to the reactance is governed by

the size of the holes. The amount of resistance may be controlled by the

number of layers and the area.

5.4. Acoustic Impedance of a Narrow Slit. — A narrow slit acts in a

manner quite similar to the narrow tube. The length is assumed to be

small compared to the wavelength. The thickness is assumed to be small

compared to the length.

The acoustic impedance of a narrow slit ^-^-^ is given by

1 2iJiW . 6pwoi

where ju = viscosity coefficient, 1.86 X 10"^ for air,

p = density, in grams per cubic centimeter,

^ Crandall, " Vibrating Systems and Sound," D. Van Nostrand Co., New York.
^ Lamb, " Dynamical Theory of Sound," E. Arnold, London.
•* Rayleigh, " Theory of Sound," Macmillan and Co., London.
'' Crandall, " Vibrating Systems and Sound," D. Van Nostrand Co., New York.
^ Lamb, " Dynamical Theory of Sound," E. Arnold, London.
" Rayleigh, " Theory of Sound," Macmillan and Co., London.
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d = thickness of the sht normal to the direction of flow, in centi-

meters,

/ = width of the sHt normal to the direction of flow, in centimeters,

w = length of the slit in the direction of the flow, in centimeters,

CO — 27r/", and

/ = frequency, in cycles per second.

In equation 5.2 the resistance varies inversely as the cube of d and the

inertance inversely as d. Therefore, practically any ratio of inertance to

resistance may be obtained. The magnitude may be obtained by a suit-

able choice of w and /. A slit type of resistance may be formed by using a

pile of washers spaced by small shims. Another form consists of a spiral

of tape with adjacent turns very close together. The former may be used

as a shunt resistance in a line and the latter as a series resistance. See

Sec. 4.9.

5.5. Inertance. — Inertance is defined as

M =
=f22

5.3

where S = area, in square centimeters, over which the driving pressure

acts to drive the mass, in grams.

The impedance of various types of systems will be considered in Sees. 5.7,

5.8 and 5.9. The imaginary part of these expressions is due to the inertance

of the systems.

For closed systems the resistance term of Sees. 5.7, 5.8 and 5.9

should be omitted because there is no radiation. In this case the entire

impedance is positive reactance. The reactance term of equations 5.1

and 5.2 is due to inertance.

5.6. Acoustic Capacitance. — The most common type of acoustic capaci-

tance used in acoustic systems consists of a cavity or volume with rigid

boundaries. The linear dimensions of the enclosure are assumed to be

small compared to the wavelength.

From equation 1.21 the sound pressure is

p = pc^s 5.4

where p = density of air,

c = velocity of sound, and

s = condensation.

The condensation, from Sec. 1.3D, is

dV
s = -y 5.5
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where dV is the change in the original volume V.

dv = Sx = X 5.6

where x = displacement, in centimeters, over the area 6", in square cen-

timeters, and

X = volume displacement, in cubic centimeters.

From equations 5.4, 5.5 and 5.6

p pc^

The ratio X/p is termed the acoustic capacitance by definition. See

Sec. 4.4C Therefore the acoustic capacitance of a volume is

V
Ca = — 5.8

pr

The next consideration will be an acoustic capacitance combined with

an acoustic resistance. The acoustic impedance of a cavity in which

the boundaries or a portion of the boundary is terminated in an acoustic

resistance is

^A .„
za = z——. — 5.9

where ta = acoustic resistance of the boundary,

Ca = acoustic capacitance of the volume, in cubic centimeters per

second,

CO = Itt/, and

/ = frequency, in cycles per second.

5.7. Resistive and Reactive Load upon a Vibrating Piston ^' s- ^. —
The mechanical impedance of the air load upon one side of a vibrating pis-

ton set in an infinite baffie is

Zm ,;jv(l-^)+.^^.(««) 5.10

where R = radius of piston, in centimeters,

p = density, in grams per cubic centimeter,

c = velocity of sound, in centimeters per second.

^ Rayleigh, " Theory of Sound," Macmillan and Co., London.
^ Crandall, " Vibrating Systems and Sound," D. Van Nostrand Co., New York.
^ Stewart and Lindsay, " Acoustics," D. Van Nostrand Co., New York.
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k = 27r/X,

X = wavelength, in centimeters,

CO = 2Trf, and

/ = frequency, in cycles per second,

/i and Ki may be found in treatises ^"'^^ on Bessel functions. They
are also defined by the series,

JiilkR) k^E? k'R^ k^R^

kR 2 22-3 22-3M
^ ^j

The acoustic impedance of the air load upon one side of a vibrating pis-

ton in an infinite baffle is

The impedance per unit area of the piston is

The resistive and reactive components of the air load per unit area on one

side of a vibrating piston set in an infinite baffle is shown in Fig. 5.1. These

characteristics are useful in determining the radiation resistance and re-

active component of the air load on the cone in a direct radiator loud

speaker. It is also customary to use these characteristics for the imped-

ance at the mouth of a finite horn in computing the throat impedance.

5.8. Resistive and Reactive Load Upon a Pulsating Sphere. — The pul-

sating sphere is a sphere whose radius increases and decreases with time.

The motion of the air around the sphere will, like the motion of the sphere

itself, take place only in radial directors and will have the same velocity in

all directions, but will depend upon the distance from the center of the

sphere.

The mechanical impedance of a pulsating sphere is

, ™ ( (kRY +jkR\

^"Watson, "Theory of Bessel Functions," Cambridge Press, London.
" Jahnke and Emde, " Tables of Function," Teubner, Berlin.
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The impedance per unit area is

(
(kRy+jkR\

The resistive and reactive components upon the air load per unit area of

a pulsating sphere is shown in Fig. 5.1. It will be noticed that the load

upon a pulsating sphere is practically the same as that of a vibrating piston,

5.9. Resistive and Reactive Air Load upon an Oscillating Sphere. — An
oscillating sphere is a sphere whose radius remains constant while the

sphere executes a movement of translation as a function of the time. The
mechanical impedance of the air load upon an oscillating sphere is

Zm = ;:;

—

\ 4 + k^R' )

where R = radius of the sphere, in centimeters,

p = density, in grams per cubic centimeter,

k = —-J

X

X = wavelength, in centimeters, and

c = velocity of sound, in centimeters per second.

The acoustic impedance of the air load upon an oscillating sphere is

pc
Za

fk^R^+j(2kR + k'R^)\
[ TT¥r^ )

^-^^^
127ri?2

The impedance per unit area of an oscillating sphere is

/k'R^ +j(2kR + PR') \

\ 4 + k^R* )

pc/k'R'+j(2kR+k'R')\ _^^
zi = ^l . . ,.^, ) 5.16C

The average reactive and resistive components of the air load upon an

oscillating sphere is shown in Fig. 5.1. The load on an oscillating sphere

is not uniform. In order to compare the radiation characteristics with

those of a piston and a pulsating sphere, the ultimate resistance has been

made the same. However, the average impedance per unit area of a vibrat-

ing sphere is one third that of characteristics 3 shown in Fig. 5.1.

The oscillating sphere is an acoustic doublet. See Sec. 2.3. There-

fore, the resistance component is proportional to the fourth power of the

frequency when the dimensions are small compared to the wavelength.

The oscillating sphere represents the direct radiator loud speaker without

a baffle.
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5.10. Impedance of a Circular Orifice in a Wall of Infinitesimal Thick-

ness. — The impedance of a circular orifice in a wall of infinitesimal thick-

ness may be considered to be the same as that of the air load upon a piston

of infinitesimal thickness and zero mass set in the opening. Then the

acoustic impedance of a circular aperture in a thin wall is obtained from

equation 5.12 by multiplying by 2.

5.11. Impedance of an Open Pipe with Large Flanges. — In this case

it will be assumed: that the mouths of the pipe are fitted with freely moving

massless pistons and that the length of the pipe is small compared to the

wavelength. The impedance is the sum of the mass reactance of the air

between the pistons and the impedance of the air load upon the pistons.

The acoustic reactance of the column of air between the two pistons,

from equation 5.3, is

p/
^A = ~^^ 5.17

where p = density of air, in grams per cubic centimeter,

/ = length of the pipe, in centimeters,

R — radius of the pipe, in centimeters,

CO = 27r/", and

/ = frequency, in cycles per second.

The acoustic impedance of the entire system Is

5.12. Closed Pipe with a Flange. — The impedance of a pipe closed at

one end and equipped with a flange at the open end may be considered to

be the sum of the impedance of the pipe and the end correction. It will

be assumed that the open end of the pipe is equipped with a massless piston.

The acoustic input impedance at the piston ^" of the above system is

zao = - ^.cotkl 5.19

where / = length of the pipe, in centimeters,

R = radius of the pipe, in centimeters,

p = density, in grams per cubic centimeter,

c = velocity of sound, in centimeters per second,

k = 27r/X, and

X = wavelength, in centimeters.

12 Olson and Massa, " Applied Acoustics," P. Blakiston's Son and Co., Philadelphia.




